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FOREWORD 
Many of the references for this thesis 
wers gathered originally in the form of 
stenographic notes. For this reason it 
is possible that, in spite of care, errors 
in quotation may occur. For such errors 


the author asks leniency from the authors 


quoted on the ground that they are not made 


with malice aforethought. 
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TEACHING TECHNIQUES APPLIED TO PLANE GEOMETRY, 
I. INTRODUCTION. ' 
A. Tne Thesis. 
1. Purpose of Thesis. 
a). To illustrate how devices for motivation may be | 


applied to classroom teaching of plane gesométry. 
Thé primary purpose of this thesis is to bring together for 





possible use of teachers of mathematics, opportunities for 
motivation in plane geométry. Thé procedure has been to 
gather from literature’ current practicés in motivation in this 


| 
subject. Reports of how the principles of motivation have been 





applied to teaching situations have been colle cted principally 
from the Mathematics Teacher, 1926-1934, Sehool Seience and | 
Mathematics, 1930-1932, the yearbooks of the National Council 
of Teachers of Mathematics, and various books on teaching sec- 
ondary school mathematics. The author, who has had twelve | 
years of experience in the teaching of plane gesometry, has | 
attempted to show in detail how motivation has entered hig 
classroom, along with the authoritative background for the 
various procedures uséd. 
2. Delimitation, 

a). Not_exhaustive_in literature Study. Although this 

thesis embraces a bibliography of current literature on the 


Subject, this list is by no means an exhaustive one. Mere 





collections of material are costly and have but slight value. 








te... 





Generalizations are not too valuable, also, in the opinion 
of Professor Wm. D. Reeve, who writes; 


"The actual trends in teaching of mathematics today 
can best be discovered by the specific study of the 
present proofs in books of mathematics. The time and 
expense to make a: study of these practices is question- 
able and what is more vital, the significance of such 
a tabulation is in itself unimportant. We do not care 
in particular what is being done in general, but we are 
wholeheartedly interested in the indication of future 
trends as we see them functioning in progressive 
communities or as recorded in articles by frontier 
thinkers." 


—=——— 


For those interested in exhaustive researches into the 
literature of this subject, the Committee on Geometry appointed 


by President Betz of The National Council of Mathematics 





Teachers gives valuable material. In November, 1952 this commit 
tee gave a preliminary report on their work, part of which is as 
follows:* 


"The first item of the committee's plan of action was to 
assemble the suggestions which have been made since 1900 
or thereabouts concerning the teaching of geometry both 
intuitive and demonstrative. 

"The committee is interested to collect ideas of phil- 
osophy of geometry and its psychological aspects, to see 
later how these are reflected in the choice of content. 

“With this body of opinion before “it, the committee plans 
to proceed to the second item on its list: Formulation 
of a few distinct philosphies of teaching geometry." 





It will be seen from the above that a collection of 


material and an evaluation of current practices is being made 





wnter is far above the power of any single thesis. 


1. “United States’. The National Council of Teachers of Mathema 
tics. The Fourth Yearbook. 1929, p. 135. 





&e Ralph Beatley, "Preliminary Report of the Committee on 
Geometry". The Mathematics Teacher. XXV (November, 1932) 5 
pp. 427-428. 
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More recently Ralph Beatleyl has published a List of the | 
material examined for the above survey and notes that "The 
committee is proceeding to the formulation of a few distinct 
philosophies of the teaching of geometry which will later be 
subjected to experimental trial in cooperation with the Staaial 
He further notes that "The chief purpose (of extending the 
work of geometry over several years in Europe) seems to be to 
make the child so familiar with geometric concepts that when 
he studies demonstrative geometry he may consider it as such 
with no distractions, devoting much time to originals and 
methods of proof." This seems to be a key to some of our 
difficulties in the teaching of geometry. As noted elsewhere 
in the thesis, difficulties must be isolated. Careful prepa- 


ration for definitions must be made, and proper introductory 





work done, before the work on demonstrations is attempted. 


Probably much of the distaste for geometry in the past has 


i] 








been failure in properly introducing the subject or appreci- 
ating the many things which the pupil has to learn. Beatley“ 
says; "In our own country we tend to offer a meagre introduc- 
tory course in the junior high school, followed by a logical 
presentation in the senior high school modeled after Legendre's 
ordering of the theorems." 
I.Second report of the Committee on Geometry, Presented to the 
National Council of Teachers of Mathematics at its Annual 


Meeting in Minneapolis on February 24, 1933. The Mathematics 
Teacher, XXVI (October 1933), pp. 266-271. a 


2 +Ralph Beatley, loc. cit. 
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Some of the material gathered by the above committee 
has come to the attention of the author, but it is to bé 
emphasized that the primary function of this thesis is not 
the collection of literature but suggestions by the téachers 
themselves and by the author as a teacher of how to motivate | 
in the classroom. Of course it is not implied that the wy] 
ér follow necessarily the same suge¢stions, but rather that 
these detailed suggéstions will serve to act as further | 
Suggestions to the teacher as to how to motivate his class 
in plane geometry. Hach teacher's equipment differs from 
another's; each must choose the course of procedure which 
will make for his succéss. 

b). Involving actual application of devicss to classroom 
teaching to the 6xclusion of other related topics: 
This thesis does not concern itself with ths history of moti- 








vation. Neither does it concern itself with the subject of 
géneral motivation, nor with the valués and aims of the sub- 
jéct, nor with the organization of the course, nor with var- 
lous debatable points as to the transfer value, the contents, 
and the combination with solid séometry. Anything general in 


Character is also omitted from the thesis, such as the general 





Ssubjéct of interrelationships, or general psychological laws. 
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‘The bulk of the work is confined strictly to the appli- 





cation of specific devices in particular situations with the 
characteristic aim of being suggestive for further application. 
5. Books and Theses, 
a). Number of reprints of book by Arthur Schultze. It 
s recognized that when one comes to particular applications, 


one is treading on dangerous ground. General suggestions are 





so widespread in their application that they are usually quite 
safe, but when the attempt is made to help by applying in a 

definite manner, the writer has to be exceedingly careful that 
the material which is so live and vital in his particular hands 
o not become so much dead wood when placed on paper. It is 
hoped that this thesis is sufficiently vivid to point the ways 
: motivation of plane geometry to the various readers. That 


he need of efficient helps in classroom teaching is greatly 





desired is evident from the reception accorded various theses 
and texts which have been successful in giving real helps to 
the teachers. 

It Peetnkee caine to note in this connection that the book 
by Arthur Schultze, “The Teaching of Mathematics in Secondary 


Schools", first printed in 1912, went through a number of 





reprints up to 1928, so eager were teachers for real helps in 
the teaching of plane geometry. 

b).Theses bearing on the subject. The author has been unable 
© discover, however, any thesis on the application of motivatio 


echniques to classroom teaching in plane geometry. The 


ational Education Association of the United States reports that 
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4t is unable to locate in its files any questionnaires on ths 
te aching of geometry. 

(1). Among valuable writings on the subject is the thesis by 
Louise Barbour Eddy, University of Chicago, 1930, "Motivating 
the Study of Geometry". This thesis involved thé collection of 
@ considerable body of material from mathematical] literature. 
The studyiincludes tracing the historical development of Ways 
of motivating the study of plane gsométry, the motivating de- 

icés used in text books, and the change in tendencies in the 


ast forty-five years. No attempt at évaluation and comparison 





of motivation matérial is made by that author, nor doés it touch 


on suggestions for motivated units of instruction. The material 





does suggest motivation on short exercises am shows that 
geachérs realize the importance of interest in emphasizing geom- | 
stry as an appreciation unit. 

(2). A second thesis is that of Alma Woir.! This contains an 


Svaluation of researchés in secondary mathematics for the years 





1926-1951. Miss Wolf reviews the Eddy thesis. 
(3). A third thesis is that written by Agnes Wallace Tenpls ton? 
This thesis consists of a summary of the 417 articles appearing | 


in "The Mathematics Teacher" over a period of twenty-two years. 


It is valuable as a source of quick contact with the literature 








in this magazine. 


1. The Teaching of Secondary Mathematics, 1932, Boston Universi 
Unpublished Master of Arts Thesis. | 

2. A survey of the Magazine, "The Mathematics Teacher", 1932, 
Unpublished Master of Arts Thesis. 
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Although the theses mentionéd above all have valuable 


matérial to offer for those interested in an acquaintance with 


— SS ——— 


the literature available, they leave the field open for suggest- 
fons on the actual motivation of geometry. Their purpose is | 
hargely historical inonature. The writer of this thesis has 


6ndéeavored to consider the dynamic aspects of plars geometry | 





as the subject i8 in his classroom. 


Assuming that the view that school subjects should be moti 


vated is accepted, the next consideration is the swcial diffi- 


culties of geometry toward which motivation is to be directed. 
B. Why Motivates and How Motivate. 
1. Geometry has special difficulties. 
a). General Discussion. A frank statement to the géeo- 
metry class by the teacher of the task to be accomplished is 





of use in making the work definite and in Showing the pupil the. 
reasons for the difficulties of this particular subgct. Next | 
comés, then, a consideration of tw difficulties peculiar to 
plane geometry, followed by suggestions as to how to master | 
these situations. 

An additional difficulty of plane esometry beyond its ab- 
Stract mture is that it is a flat surface subject. This char- 
acteristic accentuates the difficulty of the abstract nature. 
The solution of these two diffiaulties is closély linked am 
Will be considered shortly. While solid geometry has the 





advantage of being three-dimensional in nature, plane esos try 
has to be motivated into a solid figure. The discussion of 
from Symbol to object, p.11, suggests how this may be done. 
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Other difficulties peculiar to plane geometry are the 


cumulative nature of the subject, the new procedure in the 





demonstration, and the fact that it is a feflective subject. 
Of these three difficulties, the first and third are found in 


some of the other school subjects, but the second is largely 





peculiar to geometry. In this unit plans are suggested for the | 
overcoming of these difficulties. The suggestions for the 
difficulty from the cumulative nature is the isolation of the 
difficulty and proper testing through adequate reviews. 
Another remedy taken up in the unit on Continuity and Organiza-_ 
tion is the grouping of theorems for better understanding and 
retention. The discussion of the solution to the new procedure 
and the reflective subject difficulty is also considered 
shortly. 

Following the discussion of the difficulties and remedies, 
may come consideration of ideas aiding. Among these are the 
margin of safety idea, the universality of plane geometry, and 
lastly the power of analogies. The first two are discussed in 
this section; the last is taken up in detail in the unit on 
miscellaneous devices on attitude, adjacent to the interrelation 
ships with other subjects. 

b). Flatland and its remedies. First is the idea which 


illiam D. Reevel presents in his title of plane geometry as 





"Geometry of Flatland" which is studied, as he says while living 
in a world of three dimensions. There is much discussion today 
in regard to a combined course of plane and solid geometry. 
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It is not the purpose here to take sides, nor to present the 
history of status of this quéstion, but one can say that solid 
geometry attached to plane geometry would give to it an added 
impetus and take it out of the "Geometry of Flatland". It is 
well to give a parting tribute to plane geometry in connection 
with an introduction to solid geometry and tell the pupils that. 
plane géeométry is comparable to the moving pictures when seen 
from iaeoce the edge of the screen, while solid geometry is mors 
like the actual play on the stage. 
c). Abstract nature and jts remedies. Next consider the 
peculiar difficulty of the subiect because of its abstract 
nature. While it is not symbolic to the extent that the 
traditional algebra has been, yet it is far removed from the 
sciencés which have for their exhibits actual materials, whether 
they be biological, chemical, physical, or astronomical. From 
Marie Montessori came vividly to us the necessity of the object; 
this was a step beyond Coménius with his picture book. Macter- 
linck realized the necessity of adequately presenting general 
principles and abstract relationships when he wrote his play 
"The Blue Bird". Here one has motivation through the object 


attached to human beings. "Bread" slices a piéce from his 


Stomach; "Sugar" breaks off his fingers of sticks of candy; 





'Fire" and "Water" have their interplay represented in appropriat 





ener and lines by human forms, and finally "Happiness" itself 


iS in the little home bluebird. Color, music, and human symbol- 


ization have vitalized the abstration of thé moral lésson from 
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vivid imprint on the human mind. And so one must go with Betzl 
back into the early dawn of civilization, and forward with the 
modern astronomers of the universe to find our subject of plane 
geometry controlling these concrete and beautiful things of ete 7 
earth and of the heaven. At every opportunity one must lead the 
pupil to attach these shapes to life. He must be led backward 
from the abstract symbolism through the language, which is 
symbolic except that by long acquaintance it has become less | 
strange, through the picture, and finally to the object. 


Learning must go through these steps. Only then will the | 
channel between the subject of plane geometry and the pupil be | 


opened. It is the teacher's task to arrange for the flow of 





activity from pupil to subject; it is his work and privilege 


to assist in the continuance of the flow and his success will 





be measured by the further continuance when his is no longer 
there. 


(1). Symbol to object. Below is a parallel grouping of 


examples to show how the pupil may slowly get a comprehension of 


the need of symbolism in geometry. At one end of the line is 


the vividness of the object and at the other end is the short- 





hand symbol for the object. The former is valuable for its ease 
of comprehension; the latter valuable for its ease and speed 


of notation, but the former must be understood before the latte 





is significant. Like all new things, learning the symbol re- 
quires effort but pays big dividends in greater power and speed. 


I. "The Teaching of Intuitive Geometry". The National Council o 
Teachers of Mathematics, The Eighth Yearbook. 1955. pp.84-95, 
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These examples are illustrative. 











Each geometric concept may 





find its way from symbol to object through these successive 





steps. The pupil will find his familiar approach by first 


seeing the object and then being taken gradually to the picture | 








and then to the language and finally to the symbol. 


Symbol Verbal Picture Object. 
Congruent. Two triangles Triangles of 
Same size and wood, apple- 


shape. pie, etc. 




















Similer-- Two polygons Models of 
Same shape or almost any apparatus--Toy | 

picture or autos, etc. 
photograph. 





Parallelogram. Figures. Tennis courts, 
Opposite sides baseball dia- 
parallel. mond boxes. 











Trapezoid--one- Figure-- Actual dam 
pair opposite Picture of reviewed. 
sides parallel dam. 









As noted above where parallel columns of illustrations were 






made of the symbol to the object, this idea is important to 


emphasize, 





In the process of learning, the four degrees of 


difficulty might arrange themselves in the following orders 










{a} The object, the material thing, can be handled, seen, 


weighed and sometimes smelled, involving at all times the 





tactile, visual, and barometric senses, and sometimes the 


olfactory. 











(b} The picture uses the visual approach, the eye. It is 
an illuminated symbol of the object; it is a plane object 


which still permits the use of the tactile sense to some 
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but the barometric and olfactory avenues of approach are not 








open. 
(ec) The language, which gains its power from early associa~ 
tion and constant use, may be visual or auditory in approach. 
It awakens the other senses only when the reader or listener 


becomes emotionally ddentified with the situation. One lives. 





through tales of adventure written in books; one becomes | 
thirsty as the lecturer tells of the lost people in the 
desert; one grows hungry and cold with the explorer in the 
frozen north. 

(a, The shorthand expression of symbolism, which is more 


concise than the symbolic word, is the last and most diffi- 





cult. There are fewer of the various sense organs through 
which it may enter the mind; it is a language, but an un- 
familiar language; it lacks the early associates which the 





written word has. It has not the power of bringing emotional 
identification as with the word. Its only sensory approach 
is through the eye. Whatever thoughts it arouses in the 


consciousness must come through association. 





Because of the richness of sensory approaches of the of§ject 
and the poverty of the approaches through the symbol, in teaching 
it is important to lead up gradually to the symbol, beginning 
vith the object. It is because we have made pupils go directly 
o the learning of the symbol that much of the distaste for school 
subjects has eatin In concluding, however, it would be fair to 


say that the approach through the symbol has one advantage. Many 
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One can recall his clubs with their favorite symbolic emblems, 
his secret codes between friends, and his delight at writing 
"hog-latin". 

(2). Presenting the familiar ideas. Continuing the progress 


to overcome the difficulty in plane geometry arising from its 





abstract nature, the object may be made interesting to the pupil 
by linking it with that which is familiar and pleasant to him. 





It is this idea which is behind all persuasion both in the commer- 
cial and the educational world. “Have you ever seen anything 
like that?" is the question which brings back the memories. It 
s for this reason that geometry reaches out into the room, the 
home, the local environment, the school buildings, and then to 
he reading experience of the pupil, and into their actual ex- 
periences with life itself. Eagerly the child grasps his 
mother's hand in the strange locality; whereas he lightly romps 
away from her at home. So it is through life. Songs have 
apitalized this feeling of familiarity. Reunions have exem- 
plified it; and the tenderness of early home scenes are examples 
of it. No teacher can do too much in encouraging the flow of 
activity by means of the oar of familiarity. This is why the 
eacher who knows the whole pupil has much material to make the 
vork successful. The humaneness of human beings makes possible 
the power through interest in their families, in their moods, 
in their interests, and in their desires. It is here where the 
ae assignments play their part. The teacher's opportun- 


ity is to take the concept and mount the magic carpet and soar 





prt into space. | 
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For the boys, many sports are concerned with geometric 
figures, such as the baseball field which is a parallelogran, 


or double-triangle. 





Pleasantness may also come from relating geometric figures 
to candy, pie or ice cream. 

Expecially important is this vitalizing by instilling life 
into the form when the pupil has reached some absurdity in his 
reasoning. An example of this occurs when the pupil states that 


since vertical angles are equal, the arcs subtended by them are 





also equal, and therefore the opposite areas of the sectors of 
the circle are equal. A rapid drawing on the board, complying 
exactly with his directions, shows the pupil the falsity of 
his reasoning. Humor may be broughtinto the situation for the 
benefit of the class by calling the areas “ice-cream" areas, 
and then gravely accepting the larger of the two sectors which 
he has declared are equal. The pupil sits limply nursing his 
false assumption and his appreciably smaller “ice-cream" circle 
area, amid the amused smiles of his classmates. When given the 
opportunity he quickly corrects the figures, making the angles 
central angles. 

Anything which will magnify an error so that it will not be 
made again is increased surety for an early correction of the 
starting image, so necessary to successful procedure. 

In the consideration of overcoming the abstract nature of 
plane geometry, then, we can by means of leading back to the 


interesting object, motivate an attitude toward geometry with 





emphasis on the appreciation viewpoint. 
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d). Cumulative nature. Another difficulty not found in 


some subjects is the cumulative nature. This is more true of 





social studies than in mathematics. The success of the day's 
work depends quite largely on the success of much of the past 
work. The pupil should be told that the best method of gaining 
success is to do the work carefully each day. He cannot HES 


one portion and then suddenly do successful work in the part 





following. 





Thus if triangles are carefully studied, when pupils study 
the circle, part of the difficulty of the latter is already 
overcome, since triangles are in the circles. Again, proposi- 
tions are built on previous propositions. Solving originals 
depends largely on a thorough knowledge of prior theorems. The 
pupil must be friends with them in arder to have them friendly 


to him. He must smile at them that they may smile at him. 





(1). The difficulty isolated. 


. (a). General. Much of the success in teaching and learning 
depends on how sharply the light of attention may be focussed 
on the particular matter at hand. Another way of putting it 
would be the learning of one thing at a time. The new difficulty 
can be mastered best if all surrounding difficulties are removed. 
If the light of attention has to be spread over a variety of 
difficuhbties at once, learning is apt not 6® be successful. The 
journey of the difficulty in plane geometry, then, as in other 
school subjects must be first in a simple situation, then with 


other elements, then in complex situations, and finally with 


original exercises. 
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As an example of the journey of the difficulty, let us| 
consider the construction of the perpendicular bisector of a 
line. First would come the teaching and learning of the per- 
pendicular bisector of a line in the customary horizontal | 
position on the blackboard. Then would follow the bisection of 
the line drawn in any position on the blackboard, slant or | 
vertical. The next degree of difficulty would be the construc-— 
tion of the bisector when the line was the side of a polygon. | 
Finally, an original problem could be presented which would 
involve the drawings of a bisector of the line as an auxiliary 
line. The newer texts contain the application of this idea in | 
their exercises which work up in complexity as they go along. | 


Just as the difficulty must be isolated when considering the 





degree of complexity, so may we isolate the mechanical aspects | 
of the proposition. For instance, in considering the geometry | 
figure, the part which is being considered in connection with 


a polygon may be brought out in bold relief by means of dotted 





lines, colored chalk, heavy lines, or simply by the erasing 

of all surrounding parts which returns it to its original 
itmertetey. In the moving picture, this task is accomplished 
by enlarging the part of the picture to which attention is 

to be directed and thus having it take the entire screen. For 
instance, if attention is to be directdd to the movement of 

a hand in a mystery story, then the hand is enlarged to take 


up the entire screen and to show its movements in detail. 
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in the developing of a skill are closely the same regardless of 
what particular field the skill lies. It would seem, then, that 
any method of procedure which ignores this scale of steps, is 
not following out the law of gradualness in the learning process, 


and is weakening the structure by means of gaps. 


The following comparative table shows that the various steps 


ae 





(bo). Parallel steps. 


General 


Known to unknown 


1. 


Se 


Simple parts 


Complex parts 


Practice in 
wholes. 


Trial per- 
formance. 


Public per- 
formance 


Athletics Music 

1. Simple le Simple 

exercises. finger 
exercises 

2. Complex 2. Complex 

exercises finger 
exercises 

5. Practicing 5. Scales, 

for events. etc. 

4. Class 4. Practice 
meets. pieces 

5. Inter-school 5. Public 

meets performance 





Geometry. 
Known to unknown. 
Geometric designs 
in life to tech-_ 
nical text book 
work. 

1. Simple separ- 
ate parts, 
lines or angles 





2. Complex separ- 
ate parts. 
Lines and 

angles. 


5S. Fundamental 
concepts with | 
new part. Ways 


to prove lines 
. parallel. 





| 

4. Propositions 
with new part. 
Theorems 
involving 
parallelograms 





5. Originals 
involving par- 
allelograms. 
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Any pupil who has been through the various steps in the 
development of one skill becomes accustomed to the idea that 
there is a sequence of steps, and therefore is ablé to grasp 
the importance of conquering each stép as it is presented. 

Whether in mathematics, mugic, or athletics, a failure 
to get a correct start or to conquer the fundamentals means 
a@ failure in the ultimate results. 

It is sometimes a tédious job to put the puzzle together, 
or to practise for plays, or musical performances, or to to 
through the drudgery of learning a foreign language, but if 
one can keep one's eyes on the ultimate goal and see the joy 
of the finished performance, it will encourage one to keep on 
toward this ultimate success. 


(c). Sge-it-grow method. Much has been said about the 





smallness which there must be between the gaps tn the learning 
process. Of late, text books have begun to print more than one 


figure for a construction example. Each small step may be 


represented by a different figure. The process may be likened 
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to the little booklets of dancers which used to be printed. 

ach picture showed a slightly different position. When the 
pages were thumbed rapidly, the pictures appeared to be in 
motion. The slow motion picture in the movies presant an 
analogous situation to slow motion in construction work. The 
printing in a text book of the various figures is the nearest 
approach to the class-built exercise that a book can get. Here 
again, the principle at work is the isolation of the difficulty. 
The complexities are not built into a single figure, but 
learned and observed separately. Verbally, the principle takes 
the form of ample time for thought by the pupil after the 


observance is made by the teacher, and show enough sppech by 





‘the teacher or fellow pupil to have the ear receive the initial | 
stimulus clearly. 

(dq). Restoration to the simple situation. It has already 
been noted that erasing surrounding parts may restore a figure 
to original simplicity. When the simple drawing is mastered, 


the lines may again be sketched in and the figure restored to 
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its original form. The following drawing is an example. The 
figure at the left represents the original figure; the one at 
the right represents the difficulty isolated with the surround- 
ing lines erased. After the difficulty has been conquered, the 
surrounding lines may be restored so that the figure at the left 
again appears. It is noted that the angles of the polygon may 
be thought of as inscribed angles in a circle as shown by the 
two figures. In fact this idea of double identity occurs 
repeatedly in plane geometry and is a powerful tool in the 


proofs of propositions. 


In the above figures, to show that angle P is measured by 1/2 
arc xn, one may first show that angle P is made up of three 
inscribed angles and is itself an inscribed angle. The right 
hand figure shows the inscribed angle, the difficulty in isola- 
tion. Many other examples, of course, could be cited. This 


method is quite important in the overlapping of triangles, or 


the choosing of the proper triangles as similar triangles, 
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e). New Procedure. Still another difficulty peculiar to 
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plane geometry is the new type of procedure in the demonstratio 
This is considered under the topic of geometry as a reflective 
subject following this, and motivation is provided for in the 


units on illusions and the selection of hypothesis and conclu- 





sion. 


f). The reflective nature and its cures. 





(1). General discussion, In general, success comes when 
sudden shocks are eliminated. Many experiences are adequately 
met if proper time is given. Innoculations in the medical 
world are a vivid tribute to this necessity for avoidance of 
sudden catastrophes. The baby with its primary fear of sudden 
loud tones shows how inherent is this law. In geometry at ever 
stage there should be gradual procedure. 

(2). The Time for the answer. Many writers have called 
attention to the fact that geometry is a reflective subject. It 
requires time for pupils to comprehend. Questions must be 


followed by a reasonable elapse of time if the answer is to be 





a thought answer. The voice, too, must be distinct and the 
speaking must be slow enough so that the pupils may have ample 
time to grasp the question. The solution, or the appreciation 
of geometry tasks, cannot be forced. To attempt to speed up the 
answer of the pupil is to force him into dishonesty by saying 
that he understands and sees, when he is fabricating to escape 
an embarassing situation before the class. The pupil should not 
be hemmed in by speed demands in comprehending a geometry 


situation involving thought work. 
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Most of the work is of this reflective nature. That is 











why quick drills play so small a part in this study and 
why there are so few drill units. It is primarily a 


slower process study. Failure to recognize this by the 





teacher has resulted in much disappointment to both / 


teacher and pupil. 


(3). The demonstration. As already noted, the demonstration 





is a new procedure and because there are no past experiences 


to which to refer, careful attention must be given to the 


approach that it may be made gradual. / 


The demonstration, itself, also, should be a gradual process. 


The following is a suggested gradation, 


1. Demonstration by class with all group helping, including | 
the teacher. 

2. Demonstration by class with help from group chiefly. | 

5. Demonstration by pupil with group helping. 

4. Demonstration by pupil with no help. } 








The speed of mastery of the demonstration will, of course, 
depend largely upon the individual pupil. The slower pupils 
follow the brighter pupils in the demonstration, and the slower 
have more repetitions of the explanation before they attempt 
the work. 


(4). Exercises. As an example of showing how there can be a. 


slow process of arriving at the difficulty in its complexity, | 


Schultzel may be cited in the following six classes of triangles. 


1. With numerical exercises. 

2. With no overlapping. 

5. With overlapping. 

4. With choice between special pairs of equal 
triangles. 

5. With triangles to be constructed. ' 

6. With several pairs of equal triangles nec- 
essary to proof. 
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- The Teaching of Mathematics in Secondary Schools. pp.l15= 
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(5). Testing. Also one may note that slow motion may be 
evident in tests through many repetitions, focussing on the 
important parts, and keeping an index of the progress by the 
pupil. The author has found that tests should be slowly 





brought up to the peak of completion. This is largely because 
the method of plane geometry is new. 

Thus it is seen that since geometry is a reflective subject 
there must be time allowed for the pupil to properly approach 
and properly absorb it. In this thesis are introductory units 


to make this procedure gradual. Of such a nature are the units 





on Orientation, choosing the Hypothesis and Conclusion, and Il- 


lusions. In geometry, if anywhere, the old saying “Haste makes 





waste" is vitally true. Texts are recognizing the need of 
gradual and small-gap treatment as exampled by one textl which 
has adopted what might be called the shadow proposition. The 
subject happens to be solid rather than plane geometry but the 
method might be the same in either division. The method used 
is to have on the page preceding the theorem, parts of it which 
are printed’ as exercises. These ezercises are the shadows of 
the theorem to come. They prove to be exceedingly helpful to 
the proof of the theorem itself. 

2. General suggestions. 

a). Safety margin. Still another feertakt truth for the 
pupil to know is that there must be a margin of safety. The 
pupil must not only learn but have the matter in mind so that 


it can be given at the time called for. Just as the actor 6n 


—_—_— SOS 


1. Stone-Mallory Modern Solid Geometry. p. 520. 
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the stage must learn his part SO that he may act even in the | 
face of extra difficulties attendant on audiences situations, or 
his own physical health, so a pupil, to pass an examination, 
must have the material so well in mind that it can be recalled 
when he is not feeling at his best, or when he is rather rushed 
for time, or when he has not had opportunity just previously bo! 
review. A firm grasp oft he subject will prevent nervousness 
as confidence will be greater. 

b). Universality. Sometimes the calling of tte attention 
of thé pupil to the broadness of application of a geometric 
truth aids in creating a favorable attitude. For instance, 


proportion is a subject which may be discussed in gsneral life © 
Situations. Illusions in géoméetry ars but a particular phase | 
of what happens in the world of thought generally. Human in- | 
dividuals so twist things, and use isolated statements which make 
the thought different than it originally was. Politics have | 
been especially imbedded with these devices to deceive. Rudyard 


Kipling expresses the ideas in his poem "If". 


"If you can bear to hear the truth you've spoken 
Twisted by knaves to make a trap for fools. 


3. Personality of teacher. Of prime importance is the squip- 


ment of the teacher. She it is who provides the enriched mater- 





lals to which she attracts her pupils. Then, by per personal 
Squalities of enthusiasm, humor, tactfulnéess, and résourceful- 
néss, she makes the channel of communication pleasant. Wyth all 


the attention given to mental hygiene to-day, and with the prin- 





ary réward of self-activity, pléeasantnéss, and satisfaction 
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too much cannot be said in regard to t he “4mportance of the 
teacher. Spe makes the task attractive by making it joyous, 
clear, interesting, sensible, suited to the capacities of the 
| pupils. She makes it definite, individual, social, and alive. 
Tne central core of all human activity is the achieving of 
the ego. This means to have the ability to take one's place in | 
the world and to be important because of something one does. | 


So dominant in lives is this that the severest punishment is the 


puncturing of the ego, a favorite amusemnt of school comrades. 





In school, also, this achieving of the ¢go makes the audience 
Situation of prime importance; there must be a purpose for the 
ereation of the work at hand. 


4. Immediate and ultimate results from success. 


| a). Fear. Not only must the channel be kept clear 








| 
by the tcacher for the proper flow of power development between 
pupil amd goal, but méntal hygiene must urge the waters against 
any sluggish motion so that they may flow swiftly and clearly on- 
ward to success. It is one's task not only to put all the posi- 
tive elements for motivation along the channel to insure flow of 


activity, but to remove all negative elements. Chief of tt 





latter is fear. Mental Hygiene has given one a rather vivid 
picture of this force in lives; it has shown how it inhibits, 





how it dwarfs, how it drives to desperation, how it demoralizes 





) the human being, and how it defames character. William H. 


‘2 
rmham, ® ’ writes of this in his two books. We see it on 


Sveryiaand in the twisted button on Jobnny' s coat, or the 


wisted ribbon on mony 6 are pigh be as each on the Leta stom 
z* The Norme Mind. Moe 
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tant to pause here simply to note that the teacher has the 


general attitude teward the subject built up by the pupils by | 


| past antipathies of other pupils, or parents, and of the public 


| of past failures will be vanquished. The task will bring to the 


| capacity; and because it is his task, it will be more interest- 
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forgets his or her piece. One sees the cribbing, the bluffing, — 


the leading which pupils in the classroom practise to steer away 


from their weak point because of fear. To remove fear of a 
subject, then, is one of the most vital tasks of the teacher. 
How it is done will be considered somewhat in detail in the 


| 


next section on general principles of motivation. It is impor- 


i} 





supreme hand in this control of the pupil. A pupil may be made. 


b). Attitude from past. Closely allied to the part which 


or broken through the instilling or through the removal of fear, 
| 
teachers play toward the removal or instilling of fear is the | 


in general. The unhappy experience of these people creates in 





the mind of the pupil approaching plane geometry an attitude of 
fear and unpleasantness. The teacher may remove this attitude | 
by his enthusiasm and his skill. 


If plane geometry is properly presented, the inhibitions 





of fear and antagonism built up from recitals of other pupils | 





pupil the sensibleness of his activity. It will be within his 





ing, and he will seek to accomplish it. It will be social and | 
alive to him because of the audience in the classroom waiting 
for his contribution. It will link to the familiar, will in- 


volve the activity and self-discovery of the pupil, and will 





show the significance of the relationship. 
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Not only for the immediate results of having the pupil feel [ 
satisfied but even more valuable for ultimate results is the 
necessity of setting the stage for the success by the pupil. 

He becomes an enthusiastic supporter of geometry. He tells 
of the good times he had and the success he met. Years later, 
as a parent, his attitude toward school and school tasks is 
helpful, and as a citizen he tends to become an ardent suppor- 
ter of educational activities. Today school would have more 
friends if more of the former pupils had found happiness and 
success in their tasks. 

Thus one sees the difficulties of motivation in plane geom- 
etry. It has been shown that because it is a geometry of 
"Flatland", is abstract and symbolic in character, is taken by 
a wide range of pupils today, and is approached by those pupils 
with fears and antagonisms built up from past experiences of 
other pupils, and embraces a different method from what has 
ever been encountered by the pupil in his school world,-- 
because of these various factors, difficulties in its motivation 
must be overcome. 

5. Organizing the techniques. Having now considered some 
general channels through which motivation may flow, an attempt 
will now be made to organize definite techniques in the 
various types of situations in which teachers of geometry find 
themselves, Taking a lesson plan, it is found that there are 
three situations such as the creating of a favorable mind set 
toward the lesson, the continuing of that set throughout the 


actual teaching and finally the attitude when the lesson is 
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finished. So it may be with plane geometry. There are three 
tasks: to create a proper attitude; to move the devices about / 
that set stage in a proper way that the pupil will make a 
success; and to leave him with a feeling of satisfaction. It 
is like a play; it must have adequate preparation; the actual 
play must take advantage of the setting; and finally there | 
must be the feeling of satisfaction and interest. Now the | 
difficulty in organizing the techniques in this way lies in 
the fact that these three objectives are constantly operating 


within a very small situation in addition to the larger. For 





instance, the whole study of geometry has these three situations, 


yet almost any given lesson or even part of a lesson depends 





on the three fields of activity, namely the making of a favorable 
mind set so that activity may start, the motives to continue the 
activity, and finally a satisfying result so as to have a 
potential value to the individual in terms of courage in 


attacking a new situation and facing life in general. 
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PART II. 


ORIENTATION. 


Ae Introductory. 


It was noted in the introduction that there were three 
situations for motivation; namely, at the start, during the 
task, and at the completion of the task. It is now the pur- 
pose to consider these three situations in detail. Therefore, | 


this part of the thesis is concerned with the situation at the © 
start and involves the introductory units, first of which is 
the orientation of the pupil in geometry. 


Proceeding to the method of orientating the pupil by means 


of a general talk which leads to an assignment and which by | 


means of the individual-interest list gives to the teacher 


information on the special tasks involving problem, verbal, 





art, and manual training contributions, the purpose of this 
lesson is to create a favorable attitude toward geometry. The 
Cevics at work is the relation to familiar objects. One 

notes that geometry is not simply a book subject, but concerns 


objects all around us. The next step is the general talk. 
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1. General Talk to Pupils. 

a). Purpose. We are living in such an in such an interest- 
ing world to-day with so many fine things that we all like to 
know when we take up a school subject what that subject is and 
why we should study it. What it is and of what use it is are 
two: things we will try to answer to-day. 

(1). Meaning of word "Geometry". First, geometry comes 


from two Greek words which mean to measure land. The first par 





of the word makes us think of land, geo-logy, a study of rocks 
on the land, geo-graphy, a study of the form of land such as 
mountains, valleys, etc., while we have geo-metry which meens 
land roa SUP eRe, 

(2). Scope of the study. Geometry is a study of the shape 
of objects like the circle or the square. It does not matter 
what the material is. It may be a circle of paper or a pie, or 
a wheel; it 1s a circle if it has a certain shape. So with the 
square; it may be a baseball diamond, or a puzzle board, or a 
black board; if it has a certain shape, it is a square. 


(3). Relation to insects, minerals, buildings, gardens, and 
games. Anything that has a definite shape has a geometric shapé 


_ The cell in the honsycombd has a definite shape. How many sides 


has that figure? Minerals are sometimes classified in museums 
with reference to their definite shapes. Sometimes it takes the 


microscope to prove that a speck of mineral has a definite shap¢ 
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A speck of salt or alum has a particular form. Perhaps we can | 











borrow a microscope from the laboratory this week and find out | 
what shape salt has, Snow flakes have very beautiful shapes. 
Look in your book and see how beautiful they are. Did you ever 
read the story of "Kay" written by Hans Anderson? He was taken 


to the palace of the snow queen which was very beautiful with 





geometric forms. 

In the life around us we may see many examples of geometric 
design. We can look from some tall building over a city and oe 
beautiful geometric designs around public buildings, in parks, | 
and public gardens. The flower beds are laid out in pretty | 


shapes. There are beautiful bridges, also. "The National 





Geographic Magazine" in the library contains pictures which have 


many geometrical designs in them. Most games have geometric | 





forms to them. The parchesi board, the checker board, the 
_eribbage board, cards, the baseball field, the football field, 
and the hockey rink all have a definite shape. 


(4) Geometry of the classroom. Are there any decorations or 





other things in the room here which have a definite shape? The 
circle is illustrated by the clock face, the bell, or a cylind-— 
er; the square or rectangle by the panes of glass. Sometimes 


the clock has eight sides--an octagon - oct - meaning eight. 





Octave in music means the eight notes of the scale. 





(5) Happiness from geometry. If we can recognize these forms, i 
will make us happier because it will make life more interes ting 
to us. Every time we meet them, they will seem like old friends, 


and we can say, “How do you do, Mr. Circle, Mr. Square, or 
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Mr. Rectangle. 
The reason the baby gets tired so quickly of looking at 


one thing is that he does not have many thoughts regarding it. 
He sees a ball, but it is not round to him, not made up of many 
circles. It is simply bright to him and he puts it in his 
mouth. He thinks perhaps it is something to eat. When we 
learn more about each object, we do not get tired of it so 
quickly. 

Geometry, then,will be useful to us in making us happy,-- 
in knowing something about the beauty of the work,--how so 
many things have a definite form like the flowers in the field 
and beautiful architecture. It will be fun meeting something 
you have known before. When you visit your friends or 
relatives whom you have visited before, mes know how nice it is 
to see the same things and the same people again. So with 
geometry when you meet these beautiful forms again and again. 
2. The Assignment. 

a). Bringing to class descriptions and designs of geometric 
shapes. I shall expect some of the boys tomorrow to tell me 
what shapes athletic fields have. You can find the names at 
the beginning of the text book. The girls can also look these 
up, or they may bring in some pictures of linoleum designs or 
embroidery. One daily paper, "The Telegram", has a design for 
embroidery in it each day. See if you can find it and bring it 
in. Sometimes in the advertisements in these magazines you 
will find forms. Mount these geometric forms on paper and 


attach to them the names of the forms. 
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5. The Questionnatre. 

a} Filling out sheet of suggested special activities in order 
of preference. On the sheet I am now passing out are lists of 
activities in which you are interested. Will you place after 
the activity you are most interested in the figure 1, and the 
thing you are next interested in the figure 2? If there are 
some names on the list in which you are not interested, leave 
the space after these names blank. Mark only those you like 
and in the order you like them as well as you can. If you are 
not sure which you like best, write down the order you think. 
Note; This assignment leads to a list of geometrical terms 
which may be placed on the blackboard, each member contributing 


to the growing lists. 
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Manual Training. 
Astronomy 
Photography 
Writing 
Plays 

Games 
Reading 
Talking 
Drawing 
Painting 
Coloring 
Mapping 
Puzzles 
Designing 
Lettering 


Mechanical Drawing 





Look at this list and find 
the name of the thing you 
think you like best and 

pub (lL) after 1t.. Then go 
over the list again and find 
the thing you like second 
best and put (2) after it, 


etc. 


Do not mark any number after 
these things you are not 


interested in. 


From this list can be integrated the class strength toward 


their respective contributions during the year such as are 


outlined in the unit on individual differences. In these early 


lessons, history of various geometricians and objects to illus- 


trate symmetry may be brought in from time to time. Flowers 


illustrate polygons; berries and grapes, spheres; starfish, 


sand dollars, shells, and leaves all illustrate synmetry.1l 


1 Vesta A. Richmond, A Number of Things for Beginners in 
Geometry, The Mathematics Teacher, Vols :XX, | (March, 1927) 


pp. 142-9. 
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4. Symmetry. Yesterday we ended our lesson by noting that many 
objects were symmetrical, such as flowers, berries, starfish, 
and leaves. Today we shall tell how to know when an object is 
symmetrical. Concluding the sample talk to the pupils, let us 
now turn to the ideas as presented by various authors. 

a) Definition of symmetry. If a figure consists of two halves 
so that if it is folded over, the left-hand part will exactly 


fit over the right or vice-versa, it is said to be symmetrical. 





Let the pupil draw a line on a sheet of paper and mark an ink 
dot on the paper somewhere outside of the line. He then folds 
the paper over the line and another dot is obtained. The paper 
is unfolded and the two dots are joined by a line segment. The 
crease is the line of symmetry of the line segment. 

The line of symmetry of the angle is the bisector. An 
equilateral triangle has three lines of symmetry, a square has 
four lines, a circle has any number. 

b) Illustrations of symmetry. Connected with the human body are 
examples of symmetry in eyes, ears, hands, Clothing, gloves and. 
shoes afford the other examples. In the home illustrations in- 
clude furniture, pictures, and vases. In nature may be found 
butterflies, trees, leaves, apples, orange sections, and blossoms. 


Games mentioned are the teeter board, basketball floor, checker-— 





board, and parchesi board. Other objects are the balanced stage, 


kite, and isosceles triangle. 





We live in a world of symmetrical objects. We like to have. 


alance. We have the salt and pepper shaker made alike except 
or the difference in size of the holes at the top. Will you 


i objects which are symmetrical 
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and fold them to show that they are symmetrical?l For a 
more scientific consideration of symmetry the teacher may 
present special work to members of the class interested in 
the following ideas: These pupils may like design work. 
This work in design has the advantage of offering definite 
use for the congruency of triangles and for construction 
work, such as the perpendicular bisector of a line. 
ce). Symmetry and construction of concrete objects. John W. 
Young links construction with symmetry and with concrete 
objects, such as the vase. He concludes his discussion with: 
"Such consideration as the above, stripped 
perhaps of some of their formality, may therefore 
be presented to a class very near the outset of 
its study of geometry. They would indeed seem to 
have their chief pedagogical value during the 
introductory parts of the subject." 


1. Ernest R. Breslich, Problems in Teaching Secondary School 


Mathematics. p. 302. 


2. Symmetry, The National Council 6f Teachers of Mathematics, 
The Fifth Yearbook, 1930. pp. 145-148. 
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B. Definitions. 
1. General Rules. 


After the general orientation talk, a second introductory 





unit may be that concerning definitions. This topic will 
embrace a wider area of the geometry text and the various ideas 
are grouped together here simply for convenience, and not with 
the thought that this part should be taught as a unit. 

As in the approach to any new difficulty, it is well for 
the teacher to remember some of the general rules. These might 


be cited as: 





1. Begin with the interesting facts and experiments. 

2. Lead to necessary definitions and laws, 

3. Unify through association with practical applications. 

4. Have pupils self-active both physically and mentally. 

5. Relate the various parts together into an organized whole 

6. Repeat the principles involved in order to thoroughly 
instill them in the minds of the pupils. 


The order of procedure is somewhat in the nature of 
analysis. That is, one goes to the conclusion and works back t@ 
the beginning. For instance, in dealing with an abstract defi- 
nition, first consider the concrete object and then go back to 


the picture and through language to the symbolic expression. 





As an illustration, one thinks of a triangle perhaps as a 
piece of pie or a cake of chocolate or anything else which 
would relate the triangle to some interesting object. It is 
next presented as made of wood which can be handled. After that 
pictures of triangles attached to practical applications are 
shown, Finally the group talks about the triangle and its 
properties in verbal language and then apply to it and to its 


parts the geometric symbols which represent the shorthand of 
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2. Necessity. 





To emphasize the need of understanding the language of 
geometry, that is, the need for definitions,one can refer to a | 
local daily paper which has a cartoon each day of "They don't | 
speak our language." This is useful to the pupils in showing 
them that every activity must have ‘ special language. Geom- 
etry is no different from any other activity. That this is | 
vital was brought to the writer's attention recently when he 
assigned a bright student to copy some geometric material on 
the blackboard. The mistakes made brought out in relief the 
unfamiliarity of the pupil with the language of geometry. 

The teacher sometimes is impatient with the slow progress 
of the pupil in the early stages because of being unaware of the 


many difficulties to be overcome simultaneously by the pupil. 





Chief of these early difficulties is that of lack of clarity in| 





understanding geometric definitions. 
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5. First assignment. 

















































a) Bringing geometrical designs from a world familiar to 
the pupil. After the pupil has been shown the need in general | 
for definitions the next step is the assigning to the pupil of | 
tasks which will further emphasize this need. 

If the teacher refers to that which is familiar within the 
realm of experience of the pupil, the learner obtains a comfort- 
ing feeling of security and the feeling of fear of the new and | 
strange is avoided. Thus when he is asked to bring in material 


from current literature or to observe the classroom or build- 





ings in his community he is dealing with objects which are 
familiar to him. An early assignment may consist of the 


bringing in of a colored picture from a magazine. The pupil is 





then asked to describe the various forms he sees on the walls, 
the linoleum or wallpaper in this picture. This difficulty of 
finding names is suggestive of help. If possible some of this 


help should come from the class. On the blackboard there is 





gradually gathered a list of names and opposite them the fig- 
ures to which they belong. This list grows at the suggestion 
of the pupils and at the speed the pupils need. Discussion is 
held in regard to the classroom and the objects in it. 
Descriptions are asked which again involve definitions. 
Geometric figures are drawn on the board, and the pupils are 
asked to talk about them, comparing, contrasting, etc. This 
again shows the necessity of knowing the names of the various 
parts. All these drawings at first should be made as concrete 


as possible 





by colors, and by representing them as actual 
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local lookout fire station. The lookout man has observed a fire 














objects. For instance, the problem is not to have two lines 
cross, but to have two fences cross, not to describe a circle 
but an uncut apple pie. 


b) Finding center of a line with sompass and straight edge. 


The lesson to be assigned is in the nature of a challenge. It 


consists of the use of the compass and the straight edge, and 


the pupil is asked to find the middle of the line without measur- 


ing it. He may use a text if he wishes, and he may find the in- 


formation in any way he will. This not only serves as an intro- 


duction to construction work but presents another situation 
where he must name certain parts when he is asked to describe 


what he did. In short, he is again faced with a situation which 


@Gemands definitions. 


One writerl uses work sheets which have the new words on 


them and, in order to perform the activity, the words must have 


meaning. Thus a felt need is created and the teacher's help 


is solicited. 


4. Applied problem. The intersection of lines should never 


be isolated from concrete situations at the start. The writer © 


uses the familiar and practical in his illustrations. 


a) Locating a point. 
(1) A Forest fire. Most of the children have been to a. 


through his telescope but, because of the distance away, cannot 
locate on his direction line the exact spot. He telephones to 


the nearest lookout station and asks the direction as found 
Le Wea omdet Geometry mado Land, The Mathematics Teacher 
1 
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from that station. This he gets, and from his maps starts his 


own direction line and also that of the neighboring station, 
extending them until they cross. This locates a particular 
point on the map, and he is thus able to telephone the nearest 
town to direct fire apparatus to fight the fire without loss of 
time through failure to find the exact location. 

(2). A fence corner. The class may be given the problem of 
completing two ends of fences so that an angle may be formed. 

(3). A house in the city. Discussion is then held in regard 
to location of a house in a city in which it is broughtout that 
there thust be an intersection named in order to have definiteness. 
It is not enough to say Mr. Jones lives on 42nd street, but the 
description must be either the sxact point, number, on 42 nd 
street, or if at the corner at what intersection. Emphasis 
should be placed on the need of another line, another direction, 

(4). A ship at sea. Discussion is also made of an applica- 
tion to finding location at sea. Both latitude and longitude 
must be known. These two directions are found by means of 
plotting the ship's position with the stars in conjunction with 
tables made up in books. The details need not be taken up here, 
although a special assignment may be made for a particular 
pupil to go to the sciencs department and bring:»back a clear 
description of the method. In the meantime, the neeessity of 
obtaining two lines is again shown. 


Illustrations showing these various situations follow; 
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Lookout Station A locates fire along 
degrees north of east. 
Lookout Station B locates fire along line RF which is 10 


degrees west of north. 





The two directions are plotted on a map and the exact point 
of intersection is found--that is the exact location of the fire. 


The purpose of finding this exact location is to telephone 
the fire department, so that they may reach the fire without 


unnecessary delay. 
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The figure here consists of the two parts of fences which 
jwhen lengthened meet at P. Two lines, two fences, intersect 


;at a post. Also two posts determine the direction of a fence. 
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the ocean, 





This map shows longitude. 

lt anen on the surface of the sphere. 
This problem may be given to a 
pupil as individual work. The 
pupil is to present the idea, in- 


cluding drawings, description, and 





explanation at some meeting. 








The figure below shows the intersection of curved lines 


of latitude and longitude, determining the ship's position on 


This map shows lati- 
tude. Angles from the 


center of the earth. The 


latitude tells where on the 


long lines in figure at 
left--that is, determine 


the intersection, 
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5. Definition of the angle. 


a} Objective material. | 


CL) ." oie globe. The presence of an actual globe and practise. 














| 
| 


in finding points with latitude and longitude given will be 


| 
| 


interesting to the pupils, and will give a clearer idea of their 





meaning. 





This also serves as a good introduction to the next defini- 
tion, that of an angle. The pupil is shown by means of an 
orange with its lunes that the longitude and latitude are deter-. 
ined by angles which have their vertices at the center of the | 






















earth and that the size of the angle, that is, the longitude and 
latitude depends upon the spread of the angle, rather than the 
length of the sides. 

(2). The pointer. This may be emphasized by means of a 
ointer swung on a nail. The pupil is given the right angle on 
the 90-degree mark. Swinging in a counterclockwise direction 
rings the pointer to a straight line, two 90's, or 180, and a | 
complete revolution is four 90's or 560 degrees.t 
(3). The compass, watch and book. Arthur Schultze® presents 


teaching plan for angle definition. He suggests the following: 





"Explain an angle as a rotation, by using a material 
contrivance that actually shows a rotation of a line. 

A pair of compasses, or, better, several pairs of 
different sizes, the hands of a toy watch, or even a 
book may be used effectively to show that an angle is 
generated by a rotation, and that the amount of rota- 
tion,and hence the angle, does not depend upon the 
length of the sides. Such illustrations will show 
clearly what an angle really is, and explain the meaning 
of straight angle, reflem angle, etc." 





» W. Re. Ramon, op. cit. p. 246. 
- The Teaching of Mathematics in Secondary Schools. (1924).p.77 
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bd) Applied problem. 
(1). The radio dial, Reference is made to the older radios 
















with their snall knobs on which it was difficult to locate radi 
stations. Later larger knobs were provided and finally gears 
were constructed to magnify the angle rotation. The figure 

is drawn as below, and the pupil is asked which the larger angl 
is. He sees that it is the same angle but a larger length of 
arc because the second circle is a larger circle, but the 
degrees of arc remains the same. Length of the angle does not 


depend upon the length of lines. 








| The pupil sees that the second circle, the larger, magnifies 
and makes easier reading even though the angle has not increase 
In radio language no change in wave length has been made. 

From A to B is a small space and therefore, is harder to 
read than from C to D. 

The angle depends on spread, not on length of the sides. 

Activity is given the pupil by: 

a. Drawing figures on board and naming angles, with 
increasing complexity of figures. 


b. Using numerical exercises. 
c. Practising drawing exercises. 
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e. Finding angles of hands of clock when a given time. 
(Attaching to concrete and familiar). 

f. Finding angles of compass. 

g- Making the angle an angle of a pie sector. 














The idea of rotation may be applied to the angles of the 





triangle in showing that the sum of the three angles equals 





180 degrees. This must be supplemented by paper cutting also 






to show this fact. The extension may be made to the exterior 






angles of a polygon, which leads to the formula for the inter- 


ior angles. All this further strengthens the idea of rotation 






as a definition of the term "angle." 









"m" travels a half "a" travels a ‘complete 
a revolution, revolution, 
180 degrees. B60 degrees. 






6. The assignment. 





a}. Find applied problems, The pupils are asked to bring in 







applications of where the angle is used for measuring, or where 






two lines cross in a point. 






7. The test. 






The next period is devoted first to a five-minute test on 






their understanding of definition of size of an angle, and 


| applications are asked for this and the intersection of two 
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8. Discussion, 

a) Pupils' contributions. Their own contributions are then 
discussed and at this time, also, individual projects may be 
provided for magnification without change in angle, such as 
the radio dial and similar examples, and their various 
illustrations of two lines intersecting. 

b}) Pupils! definitions. At this time also formulation of 
a description of the new law will be natural and the pupils 

ill tell in their own language that it requires the inter- 
section of two lines to make a definite point. 
| 9. The drill. 

a} Naming angles in complex situations. Figures increasing 
in complexity are then put on the board, and the class is asked 
to name the angles. It is well here to mention the simplicity 
of notation where possible, 

b} Reading angle where there is more than one angle at a 

ertex. If there is one angle at the vertex, the vertex 
letter is sufficient, but if there are several angles at the 
vertex, the three letters must be read, the vertex letter 
always coming in the center. In the triangle the order of 
reading is not important but in any polygon the reading must 
be continuous. Examples of this are given also in order that 
he pupil may get a clear idea in his mind. In these earlier 
stages, as mentioned in this unit, all pupils should obtain a 
mastery since this involves fundamental definitions and ideas, 


or this reason there should be some drill work and the 


| 
| 
| 








7 
5 ~ See = — ; 
okt 20 ¢aeq ff 


vi ae. + 
> 












ed vant etostorq Laubivitbat 
ea dove ,elyne at egaedo tuordtw aetineatabpéii: 10% bebl 
syoltev ttedd bne ,aelqmexs taflmte bas Leto otbses” 
.a0itceatetnt eantl ows to ano anottertess. 
to noltalumiot oagfs omit 2 iit +a 000. bts, tae 
afteua eft Boe Lewdan ed fitw wal wen exis. to. motiginoseD 8 
-tetal oft estisper si ted? ossigael nwo hed? ae tes fits 
.tntoq odiniteb = sxism oF senil owed to nobsooe 


-iffab eit ef 

























Igntesetont eersstt .enottssdie xelqmoo at & 












yttotiqmts edt aotinem of oted [Low ef JT 
.eidteaoq etedw sottason 





2Ae ere asdt stom ef ets? eae of s_ 







xeitev odd ,xetsev edd ¢s elgas eno Bt ered sae 





edi ta eelgns Latevee eis otedt If Jud Jrefoltine et sotte oy 





te¢tel xedaev end , beset od Jeum sreddel gendd edt 4xe T8V 


“2% 


to tebio edly elgasiad oft al ~tetaes edt at gatmos — of 





teom gatbasi1 edt soygytlog eee at dud tastaoqm? ton et gntbest 






tedd webto af os fe nevig exe atdd to ey .suountino 9 
og ate 3) 
tetigse sees al .dbatm ata at acl gets e joa yam Itqua 9 . 







s atezdo biluode aliquq fis etinu eidd ot beno inom ae .203ade 


a3) « 


.esebt base enotédianiteb [sdaemsebaut eovlovat 2 tdt aprik ta wre 


“A 


woe od bebeaies Bathordirds ti: hid 


EN eee 


tes 
/ =a 


edit bas 2x70". res ® 





Sas a ae Sar 
‘2 ug 


eee 


=50- 





frequent calling of the pupil's attention to the fact or idea 


til mastery is attained by all. 


Since the aim is to make certain conceptions automatic, in 





order that when the pupil is engrossed on a problem which calls 





for his utmost mental powers, that he may not have to be diverted 


by attempting to clear up cloudy ideas, every effort must be 





made that this mastery to an automatic point be accomplished in 
very real way. This means that there must be no useless and 
meaningless repetitions, but rather that the variety of 
Approaches may be such that the pupil will have the definition 
seep into his system with the continuation of a favorable 
Attitude on his part. 

: 10. Definition of "included" angle. 

One of the early difficulties is the significance of the 


vord "included". As has been pointed out by some writers, part 





of the difficulty of the congruence theorems has come from a 





failure to thoroughly orientate the pupils in the terms with 
hich these theorems deal. Considerable time should be spent 
a establishing in the minds of all the pupils what "included" 
neans, 

a) Golored chalk. This may be done by means of colored 
halk, designating either the angle or side, whichever is being 


onsideredad,. 


b), Description. Stress may also be made verbally by 


explaining that in the included angle, the sides surround the 


In the case of the 
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c.) Board drawings. The best way to practise on these terms 


is to draw figures on the board and first erase the parts of 
the triangle which do not apply, and then fill them in. In 
this way the difficulty is isolated. One reason of the diffi- 
culty is that at the tenth year pupils are not over careful in 
their statements and fail to see the significance of not staying 
with the definitions. 

d. A common error. One way to cure this carelessness is 
to draw two triangles which have two sides and an angle equal 
but not the included angle. Purposely make one triangle much 
larger than the other and then tell the pupil that since he 
stated these were congruent, that you would be quite satisfied 
to have the triangle of ice cream on the left, which you have 
drawn much larger, while he may take the one at the right which 
is much smaller. Then ask him if that is not fair since he has 
just stated that that would be how to make the triangles 
congruent. Amid the smiles of the class he sees the error, and 
the correction is made. The word "included" now begins to take 


on meaning, and he will observe it more carefully because of 





his experience. This may be repeated two or three times in the 
course of the week before everyone in the class is awake to the 
word "included", but eventually all get the term firmly in 


angles which include the side. 
mind 
| 


e} Illustrations. Following are illustrations. 
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Orange 


Illustrating included angle. Illustrating included side 


A ( 


Illustrating two triangles which have two sides and an angle 
equal but not the included angle. Parts equal may be in the 
same color chalk. The pupil decides that he wishes he might 
have the "ice-cream" at the left rather than the right and thus 
gets an insight into the importance of the word “included”. 

f). The drill. The practise on definitions may consist of 
picking out from the figures in the text the parts studied and 
also in having drawn on the board various figures growing in 
complexity in which these parts appear. If these figures are 
drawn on the board ahead of the class period by some geometry 


pupil, it no only gives him a chance at activity but saves the 


time in class. At the end of the unit on definitions two sides 


various figures may be shown and the pupil asked to describe 


them in geometric language and also give the geometric symbols. 





may be chosen, and either on the blackboard or on large placards 
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ll. Definition of Polygons. | 
a). Grouping. 
(1). Descriptive. A consideration of the definitions of 





the various figures, such as the various quadrilaterals, may 
be made interesting first through observation of the various 
forms in life. Landscape gardening offers a fertile field for 
observation of these forms. These definitions may be made 
clear by comparing and tabulating. A quadrilateral is the most 
general of the four-sided figures; it included them all. The 
parallelogram, with its opposite sides parallel, includes under 
it the rectangle, the square, and the rhombus. All of these 
are special cases, the first two having right angles, and the 
last named having all sides equal. The trapezoid comes partiall 
under the parallelogram, having two of its sides parallel; and 
the isosceles trapezoid has two sides equal, similar to the 
isosceles triangle. 

(2). Family relationship. A little humor may be brought in 
by saying that the quadrilateral is great-grandfather to the 
square, grandfather to the rectangle and the rhombus, and father 


to both the parallelogram and the trapezoid. Fun is derived 





from further consideration of family relationships such as 
uncles, aunts, nephews, nieces, and cousins. Few in the class 
know that the children of first cousims are third cousins and 
not second cousins. A second cousin is the relationship 


between the first cousin amd the child of the second cousin. 
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(3). Graphic. Tabulated graphically they might appear as 
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follows: 











Quadrilateral 
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12. Definition of “distance”. 





Another troublesome definition is the reading into the 
word "Distance" “perpendicular distance." This may be made 


clear by asking the pupils how far you are from the side of the 










room. This brings out the vagueness of the question until the 





pupil decidesone’wishesthe shortest distance, which is a line 





perpendicular to the plane of the side of the room. "As the 
crow flies" may be brought in to further establish the meaning 
of the word "distance", and in the adolescent stage one can 
quots with meaning, "The longest way round is the shortest way 


home", under some circumstances. A tracing of the mileage for 





auto trips will reveal that these mileages are not straight 
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distances between the points. 


a) 


15. Summary. 
Difficulties.- To summarize the problem of having the 


pupil obtain a clear idea of definitions and symbols in plane 


geometry, so that he will have a basis for successful work, | 
involves a study of the difficulties and a study of the various 
suggestions for success and application to teaching situations. 


The difficulties of the pupils may be cited somewhat as 





follows: | 


Ce 


d. 


Unattached, definitions are meaningless facts to be 
memorized. 


The pupil is unable to divorce line from qualities of 





color and width and think only of length in the geome- 


tric sense. 


An angle is thought of as being controlled in size by | 
the length of the sides, since the pupil has considered 


increased length as an actual increase in other situa- 





tions. He has a mind set in that direction because of 
past experiences. | 
Multiplicity of new definitions and symbols confuse the 
pupil. | 
The pupil fails to extend knowledge from a particular | 
situation to a generals a pupil can recognize a pereenes 


cular in a simple upright figure but has difficulty when. 


the figure is more complex and the perpendicular line 


i 





is drawn to a line not horizontal. 
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He judges from appearance rather than logical proof. 
He has a tendency to draw special cases such as isos- 
celes triangles. 

The pupil has the psychological difficulty of fear over 


the confusion which results from the new language of 





geometry. 

The failure to master the idea of definitions leads to 
difficulties in proving theorems. 

The time allotted to absorb the new definitions is 
inadequate. 


Logical and meticulous definitions drive interest away. 
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tb) General devices. Devices for aiding in success in 
teaching definitions. 


1. Gradual procedure. 


2. Understanding by pupil. 
3. Definitions only actually needed presented. 
4. Simple terms. 





5. Definitions growing out of the pupil's experience. 
6. Instruments and constructions. 


7. Concrete objects. 





8. Gonerete illustrations from the classroom and the 
world outside. 


9. Drawing of figures by the pupil. 





10. “They don't speak our language". Every subject has 
its vocabulary to be learned. 


11. Motion idea, as in angles, 





12. Avoidance of dwelling too long on the definition. 

15. The new ideas presented singly and in isolation. 

14. Practise on the new definitions in various situations | 
and applications, including construction. 

15. A felt need for description created from the pupil's 
project, the figure on the board, or a figure in life. 


A necessity for names for the various parts of the 


figure. 





16. Definitions presented when there is need for them. 
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C. Constructions and Measurements, 








So important has seemed the method of building up defini- 
tions and concepts by means of constructions and measurements 
that it has appeared desirable to devote a unit to this topic. 


1. When taught. 


Among the writers there seems to be general agreement on 





the wisdom of preceding work in demonstrative geometry by con- 
structions and measurements. Lidel calls attention to the work 
‘Jat the English High School in Boston as especially noteworthy 
and writes that "The preliminary work consists largely of 


constructions with ruler, compass, and protractor. Throughout 





these constructions opportunity is taken to build up the mathe- 


matical vocabulary of the pupil...." 





2. List of constructions. 





One may first list the various constructions as noted by 


the writers, together with the instruments used, and then cite 





the advantages and disadvantages as found, 


a. Bisecting a line. 

b. Bisecting an angle. 

c. Drawing a perpendicular to a point at a given point, 

d. Constructing a perpendicular from a point to a line. 

e. Making an angle equal to a given angle. 

f. Bisecting an are of a circle. 

g. Trisecting a right angle. 

h. Inscribing a regular hexagon in a circle. | 

i, Constructing a triangle congruent to a given triangle by 
making certain parts equal. 

j. Drawing segments of a line of specified length. 

k. Making a circle of given radius. 

1. Constructing a triangle, given certain parts: special 
cases-right, equilateral, isosceles. 





1. Edwin S. de, Instruction in Mathematics, Bulletin, 1952, no 
17 Monograph 23 U.S. Dept. of the Interior, Office of Educa- 
tion, p. 5l. 
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m,. Constructing parallel lines. 

n. Constructing rectangle, square, octagon. 

o. Making scale constructions; congruence and similar- | 
ity. 


Of these constructions, the first five have been noted as 
the fundamental constructions by Breslich,! while Betz names 
the first four as fundamental, 

3. How taught. 
How constructions should be taught is suggested by Betz as 


ollows:3 


"The fundamental constructions are often taught by | 
a purely imitative procedure. Thus, the pupil is shown 
how to bisect an angle without understanding the reasons 
for the various motions. The result is always an 
undesirable mental uncertainty and confusion. Instead, | 
a thorough understanding of these constructions can be — 
developed organically by studying the symmetric proper- 
ties of the kite, in which case even very slow seventh- 
grade pupils quickly grasp the essentials of the con- 
struction problems which it suggests. 

"Again, the isolated presentation of individual 
constructions is misleading. They should be used in 
organic combinations. So far, no better plan has been 
suggested for this purpose than the use of applied | 
design, or of composite figures, such as Gothic win- | 
dows, trefoils, quaterfoils, star polygons, and the | 
likes Not only are all the fundamental construction 
skills introduced in natural combinations when this 
method is used, but an immediate check is provided for 
the degree of accuracy that should be attained at any 
stage of the work." 





For those especially interested in design work in geometry, 


he Bureau of Publications, Teachers College, Columbia Univer- | 





sity, New York, have published, 1932, Geometry of Repeating 


Design and Geometry of Design for High Schools. A. Day Bradley. 
| 


[. Ernest R. Breslich, Problems in Teaching Secondary School 
Mathematics. pp. 247- ° 


2. William Betz, "The Teaching of Intuitive Geometry". The Na- 


tional Council of Teachers of Mathematics. The Eighth Year- 
book, p. 135. (1930) 


or William Betz, op. cit. The Eighth Yearbook. Ba LBL 
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The instruments used for constructions as noted by various 


writers are compasses, and the straight edge or ruler, which is 
according to the law of construction. 
4. Discussion of Measurement. 
Turning to the measurements suggested, we find that the 
following are listed from the writings; 
William Betz writes;1 


"If the new unit related to 'measurement!, the 
preliminary discussion may touch on such items 
as the following: 
Trades, industries, and ‘professions which 
depend largely on measurement. 
Occasions for measurements in everyday life. 
The most common measuring instruments. 
The purposes of measurement. 
Interesting measurement projects suggested by 
the community. 
The meaning of accuracy in measurement. 
The historical development of the common units 
of measure. 
What it means to ‘estimate! lengths." 


5. Measurement situations. 
Situations in which measurements occur are as follows: 


a. Finding sum of angles of a triangle--by 
1. Protractor. 
2. Paper tearing. 
5- Rotation of pencil. 
Developing ratio inductively by measurement of 
circumference and diameter, and finding the ratio 
a constant. 
Proving area of a parallelogram is equal to area 
of a rectangle by cutting out the triangles at the 
Side and fitting in on the other side. 
ad. Cutting out twelve sectors in a circle and fitting 
in to form a rectangle. 
e. Making and using a transit. 


I. intuitive Geometry, New York Syllabus in Junior High School 
Mathematics. 1928, 1955. The National Council of Teachers of 


Mathematics. The Eighth Yearbook. p. 155. 
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Discovering relationship between area and its | 

diameter through weight comparison. Cutting out from 

a piece of cardboard a number of circles and ! 

compare weights of the cardboard discs with the 
weight of a unit of area cut from the same 
material. Making a list of diameters and weights. 

g- Computing lengths and distances by numerical | 
trigonometry. 

h. Finding volumes. 

i. Measuring angles. 

j. Drawing angles. 

k. Drawing lines. 

1. Using scale drawings. 

m. Measuring irregular piece of land. 

n. Copying by means of pantograph. 








William Betz gives the following applications,;l 


1. To show drawings. 

2. To interpret blue prints, 
3. To make house plans. 

4. To design. 

5. To apply to pattern making. 
6. To survey plots. 


6. Instruments used. 


Among the instruments for measuring mentioned are; 








a. Squared paper--cross section. 
b. Protractor. 

Ce Compass, 

d. Ruler. 

e. Transit. 

f. Drawing instruments. 
g- Measuring rods. 

h. Calipers. 

i. Balances. 

j. Sextants. 

k. Steel tapes. 

1. Thermometers. 

m. Planimeters. 

n. Level. 

Oo. Hypsometer. 

p. Plane Table. 

q. Pantograph. 








I. intuitive Geometry, New York Syllabus in Junior High School 
Mathematics (1928), The National Council of Teachers of 


- Mathematics, The Eighth Yearbook, 1933. p. 135. 
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2: 
Miss Eddy found the following additional instruments named 








in text books:+ 


a. Carpenter's square. 
b. Triangles. 

ec. Parallel ruler. 

d. T-square 

e. Diagonal scale. 

f. Center disc. 

g- Proportional compasses, 
h. Carpenter's A level 
i. Angle bisector. 

je Plumb line. 

k. Angle trisector. 

1. Height measurer,. 

m. Horizontal level, 
n. Carpenter's guage. 
o. Slide rule. 

p. Field protractor. 
q. Military compass, 
r. Vernier. 

s, Parallel bob, 


44 is evident that the texts lead in the suggestion of use 
of instruments to the applied problem. The literature in the 
field features general suggestions following psychological laws 
which have been stamped with the approval of authoritative 
educational agencies, but which have fewer definite suggestions 
or illustrative lessons and thus have less mention of definite 
instruments of measurements, 

7. Advantages. 

Writers mention frequently the advantages of constructions 
and measurements. They may be summed up as follows; 

a. To better grasp the theorem. 

b. To become thoroughly acquainted with the names and meanings 

of the fundamental concepts. 

ec. To acquire a vocabulary of terms with understanding. 


d. To acquire accuracy in reading. 
e. TO develop ability to handle: physical tools. 


I, Louise Barbour Eddy, M. A. Thesis, "Motivating the Study of 
Geometry", Unpublished Master's thesis of Chieago University, 
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f. To have pupils work as individuals, 

ge To have pupils work with their own hands at a table, 
using objective things. 

h. To make work experimental in order to supply that 
which is essential in sense perception and as an aid 
for abstract thinking. 

i. To practise earth measurements thus giving life and 
reality to the subject. 

j. To note that interest centers in the concrete rather 
than in the abstract. 

k. To give the pupil opportunity to become familiar with 
many of the topics. 

1, To convince pupil of his own childish vocabulary and 
make him willing to acquire the formal language of 
geometric exposition. 

m. To afford an opportunity for the concept of hypothe- 
sis and conclusion to be illustrated concretely. 

n. To utilize the civil engineering period of boyhood. 

o. To break down the prejudice against geometry. 

p. To make pupil realize that mathematics is a vital 
part of life rather than a series of mental gymnas- 
tics. 

q. To emphasize doing. 

re To be within capacity of child. 

s. To make application prominent. 

t. To give clear notion of space concepts. 

u. To guard against slovely work which often leads to 
erroneous conclusions. 

v. To train pupil to draw neat and accurate figures, 

w. To teach use of instruments. 

x. To give joy in learning how to make instruments. 

















8. Disadvantages with excessive use. 

Schultz sounds a note of warning on the excessive use of 
the laboratory method and notes that it is a valuable supplemen 
and aids in the interest in pure mathematics but must not replace 
it. He cites the following disadvantages; 

a. The method is exceedingly slow, 

b. It may degenerate into a kind of manual training. 

c. It is based on wrong assumption that pupils cannot 
comprehend and do not enjoy demonstrational mathematics, 

d. It does not give training in true mathematical thinking. 


e. It makes pupil acquainted with mathematical facts but 
not mathematical reasoning. 


I, Arthur Schultz, The Teaching of Mathematics in Secondary 
Schools. pp. 48-49, 
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A perusal of the above disadvantages reveals, however, that 





they are all present only in case of too great an emphasis to 
the exclusion of the demonstrative geometry. In the proper 
place, construction and measurement as an introduction to and 
a supplement to the demonstrational geometry, has no disadvan- 
tages, a fact which cannot well be dismissed. 

Any particular method of teaching would have disadvantages 
if overbalanced, just as any technique may be used too much. 
Like golf, a single club may achieve results in the hands of a 
good player but not the best results, so any single technique 
may prove valuable in the hands of a good teacher but not as 
valuable as using all the available techniques in proper 
sequence and with proper emphasis. 

Hassler and Smith! also sound a note of warning when they 
suggest that "If such work is prolonged or narrowly conceived, 
the pupil is likely to have a shock when the time for disillu- 
sionment comes. When the teacher conducts the work in con- 


structions as a vehicle to carry along the aims that we have 


set forth in these pages,....Always looking forward to demonstra- 


tion, and not as an end in itself, he will find it a convenient 
and interesting approach," , 

Although onemust be careful not to over emphasize the 
constructive geometry, yet Young® points out that it would be a 
mistake to abandon this side when demonstrative geometry is 


taken up as a separate subject. Even with the course of formal 


I. J. 0. Hassler, and R. R, Smith, The Teaching of Secondary 
Mathematics. p. 324, 


2. J. W. Young, The Teaching of Mathematics in the Elementary 
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demonstration in full swing, the concrete instrumentalities may 
still be used to lead up to propositions, to illustrate them, to 
study their bearings, properties, and consequences. The use of 


models is of great value. They should be made by the pupil 





himself when feasible. 
9. Difficulties overcome by construction and measurement. 
Various difficulties have been cited as cleared up by the 
use of constructions and measurements. Breslich! notes the 


tendency of pupils to draw special triangles, such as equila- 





teral, isosceles, or right-angled and then to use these facts = 


| 





the proofs, although not given in the theorem. He says to grasp 
better the theorem, draw out the figure and measure. He suggests 


a@ method for the teacher to sketch at the board and then check 





each pupil at seach step, and finally to apply immediately to 


situations. 


Hassler and Smith® call attention to the benefit of construct 


tion in making clear to the pupil the limitation of conditions | 








which a line may fulfill. They state "The requirement that the 


work should actually be done with ruler and compasses is first 





aid to the situation.” 
| One error consists of placing too many conditions upon the | 
lconstedeeton line and assuming that lines, given and constructed 
pass through particular points. "A pupil may say, 'Bisect 

the vertical angle of an isosceles triangle, so that 


the line is perpendicular to the base!t. It will be 
obvious in the construction that both things are not 


I, Ernest R. Breslich, op. cit. pp. 247-279, 


e Jd. O. Hassler and R. R. Smith, op. cit. pp. 347-348. 
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"done. Either angle is bisected or a perpendicular is 
constructed from the vertex to the base. Either rela- 
tion is the result of the other, A more abstract dis- 
cussion may follow, A line is determined by two points 
or a point and a direction. If a line connects two 
points or passes through a point in a particular direc- 
tion (as in the case when an angle is bisected or a per- 
pendicular is erected to a line through a given point), 
no other condition may be placed on the line,"-+s 


ay Placing too many conditions upon the construction line. 


"In considering the theorem, ‘Any two parallel chords 
drawn to the extremities of a diameter are equal’, 
most pupils find it very easy to 'prove! this exer- 
cise by drawing a line AD, assuming that it passes 
through the center. When asked, ‘How do you know 
that AD will pass through 0?! they cannot answer, 
When asked, 'How is AB determined?! and they answer 
'by A and D,' they realize that they have no right 
to assume that it passes through 0, Then they will 
wish to compromise by drawing AO and OD, but will 
innocently fall into the error of assuming that AOD 
is a straight line. Errors of this type can be 
eliminated for the time being by requiring the solu- 
tion of several exercises in a series where each 
exercise contains the possibility of one of these 
errors. A discussion of the possible errors will 
cause the pupils to be on the watch for them. The 
mistake is likely to manifest itself at some later 
date, however, if the matter is not frequently 
touched upon, 


| bp Constructing a line in a complex situation. Another type 


of error on the part of the teacher is exposed by construction 














according to Hassler and Smith®, They state: 


"The teacher will learn from this concrete work in con- 
structions how small must be the gaps over which the 
average intelligence of the tenth-year pupil can jump. 

/ A pupil may be able to bisect a line or an angle, but 

| be at a loss when asked to bisect the sides of angles 
of a triangle. Intermediate exercises have to be pree 
pared to help bridge the gap. If this is so in simple 
work as construction exercises, the teacher must be 
doubly on his guard when the more abstract work is begun." 










eO.flessler and R.R.Smith, op. cit. pp. 547-548. 
2.J3.0.Hassle# and R.R.Smith, op. cit. pp. 323-324, 
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10. QGonstruction of a transit. 
Tray Englel gives in detail directions for the making of 
a transit and calls attention to the stage or development which 
most boys pass through which might be called a civil engineer- 
ing period. 
Smith-Reeve-Morse® gives the idea of not compressing the 


drawings into a single diagram. This is in line with the iso- 





lation of the difficulty for which the author has striven in his 
classes. Some of the modern texts are beginning to feature this 
idea. Instead of one finished construction appearing, there are 
several drawings as the construction progresses. 
In the unit on proportion description of a pantograph is 
given and the direction for construction. 
ll. The class out-of-doors. 
Since the subject of this unit is general in character, it 
ould not be particularly valuable to tie it to a particular 


illustrative lesson. Anyone who has witnessed the enthusiasm 





of a class on a field trip does not need to be convinted:of its 
efficiency. The writer has taken his classes outside for 
measuring heights of the flagpole in the school yard, the height 
of the school building, and the height of various public build- 
ngs in the community. The water tanks may also be measured 

and the distance around found and the volume computed. In 
measuring heights, pupils have drawn anprotractor scale on oak 
ag and attached it to a frame constructed in the manual training 


1. Constructing a Test as a Project_in eae tS The Mathe- 
matics Teacher, XXIV (November, 19351) pp. 2 —— 
ee Text and ie hdl in Plane Geometry. The Rete rieats Teacher. 
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department. This enlarged protractor with its wooden pointer 
is used to sight tops of buildings, and the base line is 
measured with steel tape. Allowance is made when the tip of 
the tower is over a point inside the building which mekes the 
problem of estimating the distance from the outsice of the 
building to the point beneath the peak. The class is required 
to find the center of the rectangle or a square on which the 
tower is built, a problem which involves finding the mid-point 
of a diagonal, Various members of the class sight at different 


base distances, and the computations are made and presented 


to the class to demonstrate the accuracy of the method. 
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D. Creating a felt need for gsometric demonstration. 
1. Iyzlusions. 
a). Introduction. In one's experience as a teachér ong 





finds that books of psychology are of great use in their illus- 
trations to show optical illusions. Many of thése are brought 
to class and charts are drawn of them. Newspaper items of these 


illusions are presented. Recitals of mistakes people have made 





in what they thought they saw or heard are énumerated. Puvils 
are encouraged to tell of their experiences in the dark when 
going along a road or passing a deserted house, or when ill. 

A written assignment will bring interesting anecdotes. It was © 
Stevenson's imagination when he was ill which led to many of hig 
exciting adventures. The bear turns out to be a rock in the 
distant pasture; the calling of one's name with no one around, 
and the feeling of the hand on one 'g Shoulder which is réal ly 


not there, are illusions. The way one's mind f111s in on cér- 


tain situations according to the mental set, or the way one makes 


the situation or thé word take on méaning, are all witnesses to 


the mistakes which the sensory organs ami even intellects make. 


rom instancés similar to these many superstitions have been bor 


he after image of the eye until understood was mystical. All 
these show the necessity of proof. A second way of showing need 


of the demonstration comes from the life situations. 
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Would one beliew this individual? The salesmen as 


the preatidigitator who tries to keep one's mind on the 





movements he wishes one to notice and not to make a complete 
inventory of the situation is like the magician who makés 
one's eye follow the right hand while the "magic" is being 
performed by the left hand. The necessity of having author- 


{tative information on the subject, of unbiased information, 





and not just accepting the thing because somes one says it, 





or some book states it, should be showm. Tpis reveals the 
néeéd of complete proof. And this method of analysis and 
évaluation is surely of use in all situations in life 
involving whekie, cane decisions,among a coliection of 
influences and facts. 

Having thus oriented the beginning student into the need 
of plar geometry through the methods above described in the 
attempt to open thé channél by favorable attitudes, one may 


next consider other guide posts along the footpath to success 
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b). Influence of the mind set. Immediately preceding ithe 


beginning of demonstrational geometry there will need to come | 


a consideration of the necessity for proof. Local material 
will be of greatest interest. The writer has introduced the 
subject somewhat as follows. | 


For several days in thé daily newspapers there had been 





attention calléd to a coming high spot in a murder trial in 
which a nine“ysar old child was to testify that on a certain | 
morning four months previously whén she called to her father, 
he answered her. To too many of ths public this is good 

evidence, but to one who considers the age of the child, the | 
time elapsed since the act, and the fact that this was a re- 


peated process each morning, this type of evidence will. be 1éa3 





substantial, no matter how honest the child may be within her- 
self. Nurses who have cared for sick péople over a long ring 
of time continue to hear them call after they are gone- So 
strong is the mind set under Similar conditions that actual 
absenee of the stimulus will often make no difference in the 
Mind of the individual. Examples of this are in typéwri ting 


where when one word or a part of a word is started the mind 





automatically puts down what is customary. For instance, in | 
this paragraph in the second line is the word "high". The writ- 


or immédiately typed the word "school" after it even though 





spot" was the word to be typed. This was because so many times 


Previously the word "high" had been followedbby the word "school", 
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This error of the senses has been a great factor in 
trials. Felix Frankfurter brought out in "The Atlantic Monthly" 
that at the distance away from the auto which the witness said 
he was and at the speed the auto was going, it was practically 
impossible for any eye to identify the occupants of the automo- 
bile, but the witness in spite of these obvious facts did 


identify the occupants. 








McDilll calls attention to this mind-set indirectly when he | 
says: "The average text book in assuming that principles should 
be reasoned out rather than taken by intuition, gives one or tw 
optical illusions, showing that mistakes are made in intuition, 
but never hints that any one could make a mistake in formal 
reasoning." 

How the mind reads into the situation is well exemplified by 
the terrors of the small child lost at night. Every shadow is | 
a fearful shape which in daylight fades away. The writer has had 


many experiences of mistaking various objects at dusk. A 





rabbit became an inanimate clump of moss, while a gnarled tree 


trunk became a distant bear on his hind legs, At this stage, t 


— — 
@ 


pupil can be encouraged to give, in writing usually, his own 
experiences in this direction and thus the feeling of familiar- 


ity and contact with the subject may be made. In fact, this 





may well be the original point of contact of the discussion, 








and then the enlarging may be in the direction of the court cases 


etce 


I. ReM.McDill, “Laboratory Work in Geometry for the Ninth Year" 
The Mathematics Teacher, XXIV, (January, 1931). p. 16. 
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The above examples are’dllustrate mind-set errors and the 


errors from surrounding circumstances. Other errors creep in 


because of the structure of the eye which like other organs of 


the body is subject to fatigue and to muscle development. 


Another interesting procedure is to look at a partial 


picture of an individual. If you gazé steadily at the picture 


below, you will finally see the clear picture of a noted young 


man. 








MYSTERY PICTURE 
Something New and Novel 





‘“‘LINDBERGH’’ 


Instructions—Take card in both hands, look 
steadily at small diamond shaped speck on nose 
try not to blink and count to 50 slow, then 
follow any of the instructions listed. 


Look up at the sky day or night or on a light 
wall and photograph will appear greatly en- 
larged. Keep looking at one spot for 15 seconds. 


Result—The actual photograph will appear 
and disappear several times. 
There’s no mystery to good picture 
taking ‘for the best in photography 
patronize 
GEER’S STAR PHOTO SHOP 
Block Island, R. I. 
(over) 
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ec). Influence of surrounding circumstances. Reading into 
the situation may be illustrated by the following drawing. 


When attention is first called the pupils see nothing. When it 
is explained that it is a bayonet end and that a soldier has 
just entered with his dog, the situation is clear. They see 


that the dog has a curly tail. 


Prominent men are continually having the thing they say taken 


out of its setting and put in another setting. Perhaps Kipling 


in his poem "If" best expresses this when he says; 
"If you can bear to hear the truth youtve spoken 
Twisted by knaves to make a trap for fools." 

Similarly an experiment was made with a college class which 
showed the errors possible in sensory recordings. This 
happened as follows: Without warning one day the door of the 
classroom burst open and certain people entered, did certain 


things, and hastily departed. The class were asked to record 
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what happened. Many and varied were the reports. Practiealiy 





no one agreed on any one item. Even the number of people | 
ahe entered the room was in doubt. The general impression | 
was that someone had fired a revolver because the flash was 
seen and the report was heard. This was later verified as 
consisting only of a paper bag which had been blown up and 
suddenly smashed which accounted for the "report". A yellow 
banana waved in the air was the "red flare". And so the story 
went! Briefly, even a large class of intelligent individuals 
with average sensory capacities found it impossible to 
record accurately their sensations, partly because of the 
stimuli and partly because of the clever leadings away from | 
what really happened as shown by the explosion of the paper 
bage 

This shows the necessity of thinking carefully and slowly 


about a situation and not rushing to conclusions from appearan- 





ces. One remembers the college professor who said that he 

never bought a book until he had thought about it over night. 
Life is full of situations where the other individual presses 
you to make an immediate decision on the surface facts which 


look good from the sensory approach. 
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1. Surrounding 





Figure 2 is another variation of figure 


lines make an optical illusion. 





Figure 1. 


The above diagramse on both sides of the page again relate 


to the influence of surrounding lines to produce mistakes in 





measurements with the eyes. 
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Figure 2, 





r. W. B. Pillsbury, The Essentials of Psychology, p. 198. 


2.charles S. Myen, A Text Book of Experimental Psychology, 1911. 
pp e 287-288 > 
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The diagrams attached on this page again show the 





influence of surrounding lines.1l 














| The figure? below shows the influence of an inscribed 
quadrilateral on the cireumference of the circle as it appears 


to the eye. 


RE RE TE BRT. RIT 
* Charles M. Myers, op. cit., p. 290. 


2. Ww. B. Pillsbury, op. cit. p. 196. 
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Still another illusion attendant upon surrounding lines is 
given in the illustration below.! Here the horizontal lines 
seem bent in each instance because of these surrounding lines. 

D e 
SS ey 

Variety of viewpoints are illustrated by stairs shown on 
the following .page.® The question comes whether there is a 
solid block starting from the lower left-hand corner, or 
whether the stairs are suspended in mid-air something like the 
folds in an accordian, or again whether they are not stairs at 
all, but simply indentations of a solid block cut from the 
upper right-hand corner. 

In the case of the sguares® one may see the central square 
as the rear end of a funnel, indented, or it may protrude to 
the front part of the picture. 

Angell4 says of these figures: 

"While a portion of what we perceive is always 
supplied from without, another portion, and 
often the dominant portion, is supplied from 
within ourselves." 

I. Mary W. Calkins, A First Book in Psychology, p. 72. 
2. Je R. Angell, Psychology, p. 164. 

5S. Ibid. p. 164. 

4. Ibid. p. 1635. 
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This is what > has been spoken: of as the mind set. The. 





writer had an experience only recently when his wife saw seven 
squares in the diagram while he could see only six. Neither on 


could show the other what had been seen. It was some few 





minutes before it was possible to see the situation as the othe 
had seen it. This is extremely significant in its relation to 
not forcing a child to see something which he cannot. Time mus 


be given, and force will not do. 





“Opp 
M27 


Three ways to see the above 
figure: a solid block in the 
lower left-hand corner; a 

solid block in the upper right; 


and the steps suspended in 
mid-air. 





The smaller square protrud 
or is in the background. 


© 


Figure 2 shows again the effect of surrounding lines. In 
the upper figure the line in the middle looks longer. 


Figure 2, 
l. J. R. Angell, Psychology, p. 187, 164. 
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Everyone is familiar with the optical illusion of the 
roken oar in water. This may be illustrated before the class 
ith something smaller, and then the simple explanation may be 
4ven which calls in the interrelationship of physics. The ray 
f light travelling from the oar end to the eye is bent as it 


leaves the water because of the difference of speed of light 


The picture may be made somewhat as follows to illustrate this. 


¥ 








It will be noted that as the wave leaves the water at the 
surface that the right hand end "x" strikes the air first, and 


mates of the less dense medium, bends first, while the “y" end 





oes not emerge from the water until later, so that it bends 


oward the right and gives the appearance of a broken oar. 





n experiences they have had, or that their families may have ha 


when entering a different density medium, such as water and air.) 


There is an unlimited opportunity here for pupils to bring | 
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or readings they have made, in regard to their topics. Mirages 
would come under this topic. The advantage of all this is that © 


there is a linking with the familiar, sometimes with the actual 





families, a clearing away of superstitions, a realization of the, 
necessity for proof. When this ground work is properly laid, | 
there will be less chance that later in geometry pupils will be 


looking at a figure and telling the teacher that it does not 





need proof because they ban see by the figure that it is that way. 
When one views an electric light on the street through a | 
screen, there appears with it a cross of ight. Until one knows, 
the scientific explanation of this, the situation is weird. 
Here is another case of where the eyes are fooled. 

The next procedure is to expose a large amount of illustra- 


tive material to the class, passing around the various items, 





starting a paper in each row. 

Reevel calls attention to the value of optical illusions and 
gives four cases shown on the next page. His first illusion: 
is based on the idea that the eye moves more easily and therefore 
more quickly sideways than up and down, and since the speed is 
slower looking up and down, to the eye the lines look higher 
rather than wider, although the measurements are the same in 


each case. It is for this reason that tall ladies do not wear 





dresses with lines running lengthwise; nor do stout ladies wear | 









dresses with lines running horizontally. In each case these 








lines would accentuate the tallness or stoutness as the case ma 


de. 


1. W.D.Reeve. "Demonstrative Geometry for the Ninth Grade". The 
Mathematics Teacher. (March, 1955). p. 55. | 
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Is b longer or shorter than h? 
Which is larger x or y? 


Are the parallel lines straight or curved? 
Is it a, b, or ¢ which is the prolongation of 1? 
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. As before stated, since these are visual, curiosity 
arousing, and suitable for the puzzle-age of the tenth year 
pupil, they are excellent approaches not only to the need of 


proof in demonstrative geometry, but for the broader applica- 





tions to situations in life. Not only will the pupil get the 
|_idea of being careful to observe the setting, but in his own 





_work he will consider the setting as of importance, 


Both borders in this 


sketch are parallel but 
they appear to diverge, 
due to effect on eye of 


small diagonal lines. 


Really parallel dia- KS 
gonal lines appear 

at angles due to the 

cross marks. KS 


All cross lines in sketch 
are parallel in spite of 
effect of squares. 


ia 











Which is the larger of 
the two center dots, the 
One below or the one 
above? As a matter of 
fact, they are exactly 
the same size. 








Literary Digest, April 26, 1930. "How Byes Tell Lies" p. 28. 
rom Popula 









































Another bit of fun which may be had in driving home the idea of 
the need of demonstrating and not merely accepting the sensory 
results comes from the picture attached below. The method is | 
| to show one half of the class the picture, carefully keeping the 
finger over the extreme right hand side so that it will show as. 
a duck, ana then to show the other half of the class the pieture, 
keeping the finger over the extreme left which makes the pleturg 
a rabbit. The question is asked whether it is possible out in 
life to see things from different angles and yet be perfectly 
honest. Shouldone be tolerant of other viewpoints then ones spend 
What is the best way to get at the best decision? It is seen 


that one cannot jump to conclusions or study only partially the 





situation if one is to make the wisest decision. Thus these 


visual presentations are linked up with life's activities. 
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e). The after image in the eye. The writer remembers an 





elderly relative who told of going up stairways and seeing in 
the bedroom, sitting in a chair, the lady she had just left 
downstairs. She returned downstairs, and there was the lady 
just as she had left her. This was a matter of much supersti- 
tion but probably explainable by the after images in the eye. 
Thus superstitious fears are driven away by knowledge. 


"The Literary Digest" quotes from “Popular Mechanics" 





(Chicago) Ken Murray for the following stories:1 


"According to ancient folklore, a peasant was | 
once sitting by his cottage door, when he chanced to 
notice a white horse with rider dressed in black 
passing along a distant road. 

"The peasant watched the rider and horse for 
some minutes until they passed behind a small group 
of trees. 

"When they emerged into view again, he was 
startled to see a black horse and the rider dressed 
in white. To the peasant it was a spiritual token; 
represented the angel of death." 





Mr. Murray then goes on to explain how you can take a 





black cross and look at it intently and then see a white cross. | 
This is similar to the experiment with the red cross I described 


below. He gives a popular explanation of these effects and 







relates the story of the artist who had the power to keep in 





his mind exactly the picture, but who finally had hullucina- 





tions of people sitting in chairs when they were not there. 





fy Complementary colors. The writer has for some time 






collected material from books on psychology and from other 









sources to illustrate optical illusions. Since this is visual 





I. The Literary Digest, (April 26, 1930). p. 28. from 


Popular Science, Ken Murray. 





— ———————— 
























| ae arte ditomet qodtiw ont oad 
af griess One avewrtede ae ‘ety 30) Let ontw « 
| Jtel sept ber ede ybel ert eiteds & ak petite 
| ybhel oft esw otede Sas vandedenwod, anal ena pen D | 
-Ltesoque doum ‘to tedism 8 exaw eid? _ vted Hel bad ene sails. aa | 
eye edt cf eenent aw6dts ead ye oldentetqne videdorg aaa 
ogbelworm yd yswe ceviah ets axse't suoldttencque | ut 
"“eotoedoeM seluqod"’ moxt wetonp "teepic yrenedha edt" “a 
Lszelnote gatwollot edd ‘10% YSTIUM ced (ogeotnio) | 
2ew dneeseg & ,otolilot ineloas ot galbtoooA" | oe kal 
ot .bsonado ect nedw ,roob eyedioo etd yd gabdete « itn 
xosld ni beeeeih sehta mitw ested odicw 
beet Jaesetp: 2; 


xot eexod bee rebie odd ‘berodem dnseBeq ed 
quotg {Lema 2 builded besesq yeds Iftne eseducrhn 










we 


eaw ed ~ikege wetv otal bes 
peeeetb tebla edd Gms sesod xo a B) aoe of Bes <8 
<n61u02 ale lh 8 Bew $i dneeseg alt of pcre 
-, “.ddeeb to legas et Dedmesem 


usd Meo yoy vet ‘pbarete og mo 89038 ned? era si ae) 


w 


sBBOTD edtdw 8 eee sexy one yidgnedint tiga dool Bie 220% Se 
edinoeeb I eeors hex edt diiw gnomiteqxe ent og welimte et hae 
| bo2 etoette event to aoltensiqxne welyqog & esvig en 
af geex of teweq ori bed odw geicgas ent Te yxode od Bees | 
~botowt isd bed yilentt ofa. tud ao wsnes edd yitosxe puta ett 
-oteds ton etew qedd nagty antsno at galiite eigoeg tc ail 
emit enmoe yot ext sed iaw oat 20 AOD ee | | 
tedio mort ons ygolotoyed 0 anton non? “tatvetam Betootfoo 
. Isuaiv ef eldt eonta senoteatLt Latdao ¢ So ATIeS Lee ot seb 
: a 
moxt .8S sq »(O08CL OSs Lb i z 


< 





4 _-86- 














material and often colored, wr itis tHcapaet lac to the 
geometry class and causes them to be quite excited. In this 
connection also the complementary colors are considered. The 
writer has a fairly large red cross which was obtained from the 
Red Cross. This is on a white background. The pupils are tolal 
to look steadily at this for a short time. It is then removed, 
and the pupils look at a blank white cardboard of fair size. 
Fach das is then asked to write down on paper what he sees witht 
out telling his neighbor or the teacher. The papers are then 
collected, and,of course, the result is a green cross. It 

is then explained why this happens. 

&)- Other sensory illusions, Although this unit has 
focussed on optical illusions, there are illusions of all the | 
senses. Extreme heat and extreme cold are not distinguished by| 
the tactile sense. Dry ice against the hand has the feeling of. 
burning. Initiation societies are fond of drawing a piece of | 
ordinary ice over a part of the body which leaves a dribble of | 
water and informing the blindfolded candidate that blood is | 
pouring from a bad cut. | 

In the airplane, illusions play a vital part. Aviators | 
have difficulty in judging by their own senses whether they are 
flying right side up or the reverse when in a cloud. Just | 
recently an aviator flew for three hours upside down, 


Another instance is the feeling of motion when one is 








seated at the station in a motionless train beside another ef 
in actual motion. When the train next to you disappears from 


sight, the illusion is shattered. 
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The writer was told recently of the passengers on the boat 





| 
| 


Passengers in automobiles on the far side from the wheel mis- | 


ho were fearful that the boat could not pass beneath the bridge, 


judge the position of the auto on the road, placing it nearer 
the middle of the road than it really is. Everyone has heard 
of "backseat" driving. Much of the difficulty is caused by the 
misjudgment of the eye due to position. 

2. Proof necessary in geometry to avoid sensory illusions. | 

The aim of the preceding demonstration is to show the need 
of careful attention to a situation before judgment is formed. 
It has been shown that the senses can be fooled. Aviation has 
told this when the flyer does not know whether he is upside 
down or not. When lost in the woods, one goes around in circles, 
One must rely on other guides than the senses. 

Here the compass corrects the false impression of direction. 
At sea, also, this instrument is used. The aviator does blind 
flying by the use of instruments. The thermometor tells the 
correct room temperature when the senses are in error. The 
watch tells the time of day regardless of when darkness comes 
on, as in the various seasons of the year. The speedometer 
tells how fast one is going when one's own senses fail. This 


‘is shown in the start of an auto trip. At first one seems to 





be going faster than the speedometer reads, but after riding 
awhile, the semses record a slower apeed than that shown by the 


speedometer. 





In life situations only the habit of careful thinking and 


complete thinking will rescue one from the maze of false ideas, 
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false emphases, and incomplete situations presented. Tey 
geometry the habit of logical demonstrations will build the 
habits, so that one may the more carefully think on every 
situation. 


The visual presentations in the pages preceding have warned 





against taking any apparent equality or inequality for granted. 


The eyes may not be trusted to measure accurately, when supple- 


mentary data which distracts, is present. When one looks at 
a figure in plane geometry, one may not say, "Such and such is 
so because I can see it with my eyes." 

Nevertheless, in spite of the necessity of proving things 
by demonstrations which depend on other aids than that of the 
senses, each is grateful for the ears which hear, the eyes 
which see, and the other sense organs which convey impression. 
It is only that one must not trust these alone to select the 
correct from the maze of incorrectness. 

Demonstrations in geometry which are about to be considered 
will help to judge accurately and completely, and not let the 
senses be fooled by illusions or the reasoning be inaccurate 


because of incomplete information. 
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Conclusion in Plane Geometry. 

With the pupil having the memory of the unit on illusions 
lingering in his consciousness, he is now in a receptive mood 
for the consideration of the problem of the demonstration in 
geometry. Thomas,! Parker,® and Wilson-Kyte-Lull% ali have 
valuable hints to offer on the problem situation. One is not 
concerned in the thesis, however, with the solution of problems 
in general, so will proceed to a particular situation. 

The first step, after making the problem a real and 
interesting task to the learner, is to segregate the known and 
the unknown. It is this second step that is being considered 
here, the segregating of the hypothesis and conclusion. The 
writer proceeds somewhat as follows: 

1. Difficulty from the declarative sentence. 

Since the declarative sentence is used more largely now in 
the plane geometry theorems, and since pupils during their 
previous school years have accepted declarative sentences in 


texts as true, there is not only the difficulty of an unknown 


field to be overcome, but this grammatical difficulty. In other 


words, there is a real difficulty in making the pupil see that 


there is a problem to be solved and another difficulty in 


1. Frank W. Thomas, Principles and Techniques of Teaching, 
pp. 227-240. 


2, Samuel C. Parker, Methods of Teaching in High Schools. 
pp. 169-229, 


S. H. B. Wilson, G. C. Kyte, H. G. Lull, Modern Methods in 
Teaching, pp. 92-110. 











-[isemoed. engkt he: potent name 
anoteytlt ao dlos ect to yromem oat gaived ifave edd fety 










boom evidgeser 2 at won af ef ,eeemenvolsenos eid al gatvegatiy: 


nsidorg eit to moltanzebfeancs, edd 10t 






ioallW one Sycoaesq £ eemodT ,trdeaoey 


be) 
< 
as 
+s 
ke 
D 
im. 
= 
og 
i 
) 












weldorg sd¢ no aeTio of etmid eldagisyy) 





amoldorg ‘ic t¢ufoa edd dittw ,yxsvewod ,eteeds edd ot Sentesnoo) 













.coldestie selyotdaeq 2 o¢ Desegorg [ftw oe ,iertedeg at} 









one leex 2 seldonqg sdé¢ saiidem retis ,qeve seat? edt 





ereniBel edd o¢ dead. antteerstnt 










tedt qete baoses abd ef 3I .mwordtau end 
teoritogyd ent to safisgezgee eft ,ered 


-ewollot eg Jjsdwestee abesoorg teditw)) 


ootedaes evicsisiosb edt mort ytivoltiie .f 








bees ai eonetmee eviteteiosd sit sonic 
siiauv5 elfgsc somites bas ,2emetoedt yitemoen enaiq ong 


at casnednee. svideasloob betgenos even exsey Loodee asotveiq 





vyifeottith ed? yino tom ef eiedd exit es atxed) 







a4 
ss 
cL 
re) 
" 


aI .vdinotttip Leottemnete ebdt sud ,emootevo ed oF Sfalti, 





tad¢t soe [lava ect aoinem of ytigeltiI£e teem 8 ef oredd ,ebuew 











sedjone bas bevios ed ot meidot & et evtedd 





soldosesT to sexpiorioe? bae eelotoniad ,eamodT .W faarvt 1) 

gee E SS ee ~ObS-¥ES .agq 

.eloodes data of paidoset to enontem toured -G feumas » 
A A -0SS-@5l .aq 





ni gboddem niebot ,find sd Hl ~otyA 20 2D ,n0ellW .8 5H .oy- 
Se Sere ee ~OLf=«32 
























The latter difficulty is 


largely overcome by the lesson on optical illusions which has 


interesting him in the solution, 


preceded this; reference is made to the pupils to that lesson, 
To create for the pupil a realness to the problem and 
produce a felt need, the problem at hand is related to the 


pupil's experience, 


2. The hypothesis and conclusion related to the 


activity of the pupil, 
To form a link with the pupil's own experience, the 





teacher should make the initial contact by asking what is 





ecessary to take in going fishing. This brings out the fact 
that certain materials are needed, such as fish hooks, line, 


stopper, pole, and bait, These are all for a certain purpose, 





to catch fish. For the girls, the picnic idea is developed, 
You have to start with something, take account of stock, collect 





it, know how to use it, recognize it, keep it in good order if 
you are to reach the goal of catching fish or having everything 
on hand at the picnic, 

| 5. The relation to plane geometry. 

It is the same way with geometry. You have to collect 
_— material, which is the hypothesis, in order to achieve your 


purpose, which is the conclusion, You have to know the material 





ell enough to recognize it; have to put it in order; keep it 






bright and shiny by frequent use; pay attention to it. If you 
e friendly with it, it will be friendly to you. When you pick 








p such a tool as "Mr. Transversal with his friends, the two 





arallel lines", if you have smiled on him in the past and given 
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him a hearty handshake, he will gladly give (one the contents of 





his pocket book--namely, corresponding angles are equal. | 


Reference is made to geometry facts as tools because so many 
boys take manual training where the tools have to be in order 
and are kept sharp and clean. 


The above procedure aims to make the pupil recognize the 








difficulty at hand and experience a definite need for guidance 
in order to proceed toward the solution. The problem has now 
become a problem to all. The teacher's place here was to 
relate the abstract to the concrete within the pupil's 
capacity and within his realm of experience. The discussion 


has been a group discussion rather than a teacher dissertation, | 





The teacher has contrived the situation. 


It is well at this point to call attention to the fact that 





one has been accepting declarative statements in text books | 


without question, and that, therefore, it is harder to realize | 


that the declarative dtatements in geometry books when given as 


theorems are for one to prove. It is noted that this difficulty 


| 


is sanewhat enhanced by the removal of the "if" clause from the. 





newer texts. It is difficult to wedge the pupil away from the 
acceptance of the declarative sentence because of the long 
years during which he has accepted it. 
4. The hypothesis as the subject of the sentence; 
the conclusion as the predicate, 
Several theoRems are now examined, and the line-up of 


hypothesis and conclusion made by the text is noted. The 





theorem is examined to see what words gave the hypothesis and 
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what words gave the conclusion. A vertical line is then drawn 


after the last word in the hypothesis in the theorem writing on 





the board; this process is repeated for several theorems. A 
hint may here be given by asking the class if this were a tae 
in grammar, what part of the sentence would this be, pointing to 
the first part, and then to the second part. Some of the group 


will see that the first part is the subject of the sentence, and 





the second part is the predicate. To verify whether this just | 


happened, a number of theorems from the text book are now 
examined, and it is found that the subject contains the aypetee 
sis, what is given, while the predicate contains the conclusion, 
what is to be proved. 

To relate and give meaning to the word "hypothesis", | 
contact is now made with the previous experiences in the recog= 


nition of the problem by means of drawings on the board of the 


materials for the fishing situation which one labels “Hypothe- 
sis", while at the end of the line the fish is labeled "Conclu- 





sion", It is here noted that if the hypothesis, the line, bait, 
etc. were not present, there could be no fish or no "conclusion! 
The same procedure is written up for the girls by presenting a 
girl in the picnic situation. 


The parallel procedure is continued for the assembling of 


the materials, putting proper value on them, putting them in 
proper place, on the one hand, the fishing procedure and, on 
the other hand, the facts in the hypothesis. This may be made 


graphic by means of blocks labeled in the proper manner, each 





block representing a fact. The visual work may be done by a 
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group of pupils interested in drawing and may be in colors. 
This cares for individual differences, and besides presenting 
the matter more vividly to the group, gets the art pupil friend- 
ly and interested in the work, 
5. Meaning of the word "hypothesis." 
Finally, the meaning of "hypothesis" may be explained, 
The prefix "hypo" means under, "Hypo-dermic", under the skin; 





"hyp-notic", under the influence of another; “hypo-thesis", 








der the writing. That is, it is the platform on which you 
uild,--it is under the building. 
6. Drill 
Verification of the determining of the hypothesis and 





conclusion will consist of actual practise in picking these out, 
The following are illustrative of possible methods of procedure: 
a. Play devices by means of oak tag, on which may be 
printed some hypotheses and some conclusions, These 
are identified by the class while being presented 
by a member of the class, 
b. Another method is to have pupils write theorems on 


the board and have the group decide the hypothesis 





and the conclusion, 





The aim is to make the procedure somewhat automatic. 
y Test. 
Application may consist of a test somewhat as follows: 


a. Why is it difficult to pick out the hypothesis and 








conclusion from a declarative sentence? 








B. Does the knowledge of grammar help you? Explain. 
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c. What is the general meaning of the prefix "hypo"? 
What is the meaning of "thesis"? 

ad. Give an experience you have had which illustrates 
the necessity of having the hypothesis and con- 
clusion clearly in mind. 

6. In the following statements indicates by a vertica 
line the termination of the hypothésis. 

(1). The base anglés of an isoscélés 


triangle are équal. 


(2) Tye opposite sides of a parallelogram are 


équal. 
(3). Equiangular triangles aré similar. 


(4). The sum of the interior angles of a poly- 


gon is equal to (n-2) straight angles. 
(5). The lines joining tl mid-points of two 


sides of a trianglé is parallel to the 


third side and équal to one half the third 


side. 


Colore6d chalk and special] marking for the hypothesis. 


Schultz! says: 








"To teach students to think, we shold in the 


6arly stages remove as far as possiblé all 


external difficulties. Students who can reas- 
on logically sometimes forget the hypothesis, 
or forget preceding parts of tt proof, and | 
hénes are unable to continue. To, make such | 


forgetfulness almost impossible graphic meth 
ods may be émployed. The hypothesis may be 
indicated by colors, 6qual colors represent- 


| 


ing ¢qual lines or ¢qual angles, arrows denot 


ing parallel lines, a small colored squar6 
indicating a right angle. 


Arthur Schultze, Tp Teaching of la them j in Secondary 
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"Thus, in the annexed diagram the two blue lines indicate the | 
angles Aan AB and DE, the two red arcs indicate the equality of | 
ngles A and D, the two colored arrows represent the parallelism. 
f AB and DE, and the two small squares show that angles F and C_ 


i} 
i 


are right angles. 





"Por the results obtained in the proof we use white crayon, 
equality of lines being indicated by equal cross marks, equality 
f angles by equal number of arcs, parallelism by arrows, etc. 

Thus the marks in the annexed diagram, which are supposed to be © 
rawn in white crayon, indicate that we have proved: AF*sCD, BFs | 


BE, LA= LD, /BFE= /ECB, BFACE. 











“If lines overlap, we use braces, Thus the marks of the 
mnexed diagram represent the equality of AC and BC, and the 
quality of AE and BD. 





"If colored crayons are not available, white cross marks, 


Arthur Schultze, The Teaching of Mathematics in Secondar: 
Schools. pp. - ° 
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etc., may also be used to indicate the hypothesis, but for the 
beginner a distinction between hypothesis and proof is very 


helpful. 


| 





either shade them or mark their perimeters by heavy lines, as 

4 ARB and KAC in the annexed diagram. Thus, if we transform one 
figure into another, it is advisable to mark the perimeter of 
the given area heavy, and to shade the resulting area, as 
indicated in the annexed diagrams. 


| 


"To point out certain triangles or polygons to the students, 





i} 
| 





"In other constructions given lines may be drawn thin, 





lines of construction dotted, and resulting lines heavy. In 
complex constructions various colors may be used to distinguish 
among different lines." 














Arthur Schultze, Loc. cit. 
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Be ue lac eee 


Part III. 
PLANE GEOMETRY UNITS 


A. The Teaching of Congruency in Plane Geometry. 
With the stage prepared for logical demonstration by the 


various introductory units as previously written, one may 
assume that the pupil is in a favorable attitude for the actual 
beginnings of proofs, and that he has the ability to comprehend 
such work, this iektes being helped by the unit on selecting | 
the hypothesis and conclusion. 

Much has been written in regard to the propositions on 
congruence, but it is not the purpose of this thesis to jwalanie 
the various ideas, although at the end of the unit there have 
been placed various ideas from the writers. 

1. The applied problem. How can you find the distance 
across the river? The current is such that you cannot estimate 
the distance from time consumed by a boat. The same objection 
is applicable to swimming. The river is too wide to permit me 
rope that you have reaching across and making direct measure- 
ment. No bridge is present, so that direct measure cannot be 
made. No surveying instruments are available which might give 


it directly. The solution must come from congruent triangles. 





The method and drawing are somewhat as follows:+ 


"One boy drove a stake at B. John then placed 
a carpenter's square on stake B, in such a position 
that as he looked along one edge he could see a 
knot-hole in the trunk of tree A, on the opposite 


1. Hlizabeth B. Cowley, Plane Geometry, p. Ol. 
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trust our eyesight but must rely on proof. Therefore, we will 


gruent. They have a right angle and a vertical angle in each 


equal in each triangle make the two triangles congruent? It is | 


noted that if we have two angles equal in each triangle, we 








OG | 











bank. By looking along the other edge, he was able 
to direct the boys in locating stakes C and D, so | 
that points B, C, and D were in a straight line, and | 
distances DC and BC were equal, | 
"Then they placed the square on a stake at D. They | 
located E so that ACDE was a right angle and points | 
A, C, and E were in a straight line. They measured | 
the distance DE and concluded that the distance AB 

was equal to it. Was that conclusion correct? Why?"1l 





It will be remembered that in our introduction we could not 


have to devise some means of proving this proposition. The 


distances AB and DE would be equal if the triangles were con- | 


triangle and a side constructed equal. Do two angles and a side 





always have the third because by paper cutting we can prove that 
the three angles make 180 degrees, so subtracting the sum of the 
two from 180 in each triangle, the third angle must be the same. 


So if we need an included angle, we have it. 











I. Elizabeth B. Cowley, loc. cit. 
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on the task will be to prove that triangles are congruent, | 


these two triangles. 


word "included", which is a somewhat bothersome word whether 


| angles and the included side being equal in each triangle. 








This may be an actual 


j trip in the vicinity of 
D/} Le c 8 the school. | 
a DC=CB 
A 
we 
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The challenge is to prove that this conclusion is correct 





why? 
This creates the natural setting of a problem suggested by 


the teacher, but which the class has accepted. From this point 





providing they have the equalities which exist in the case of 


2. Drill on "included" angle. A short drill from figures | 





on the blackboard may now be conducted in connection with the 


used in connection with the word "angle" or the word "side". 


Se wo ett a 

The é gmment will consist of making triangles from paper, 
| 
cardboard, or wood, which will fulfill the condition of two | 
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In each case the triangle is placed over the second triangle. 
Bring in at least five examples of these and your report on 
whether the triangles fit over each other. 

4, Test. On the succeeding day a short test is given on 
whether the word'"included" is understood. This is by means of 
selecting from triangles the included angle or included side. 

Then the examples of triangles are exhibited, and the 
class bring in their decision that by measurement triangles 
which have two angles and an included side equal respectively 
to two angles and the included side in the other triangle are 
congruent. 

5. Wooden triangles. Two wooden models of triangles are 
exhibited in class, and the triangles are superimposed, 
Drawings are made on the board which show that, given the same 
slope, the sides of the hill must meet at the same peak in each 
triangle. 

6. Two lines intersecting in one point. A little bit of 
humor is introduced by having two bugs crawl up the hill. 

In the case of the writer, since most of the children have 
been to the lookout station and seen the maps, this becomes a 
vital method of approach to the fact that two lines can cross in 
only one point. The diagram is on page43. 

Figures are drawn on the board, one with yellow lines for 
sides and one white. The yellow figure is then pictured as 
being lifted and placed over the white figure, and the yellow 


line is drawn over the white to strengthen the impression of 





congruity. 
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7. Congruence a special case of similarity. Later it will 
be noted that congruence is a special case of similarity; that 


congruent triangles are similar triangles but a particular 





rather than a general case. 

It is expressed, but not emphasized, that in the beginning 
theorems have to use congruence for proof. Thus, in areas wher 
the start is from the rectangle which assumes that the area is 
the base by the height by method of dividing into units, we 


assume the congruence of the identical units. And again in the 





section on circles we start with angles equal by the method of 
congruence o 

Drill on the actual superposition or the technical points 
should not be permitted. The chief aim is to link congruence 
up with life situations to enable the pupil to get 42 proper 
concept. 

8. Individual assignments. The next assignment will be 
varied and individual. To a group of pupils interested in grap 


work and algebraic work Swenson!st development will be given. 





It will be their task to work out this idea, so that one of 
their members inay give a short talk on it, and another member be 
responsible for putting the graph on the board, ready for the 
next day. Too much class time may not be taken with this. The 
aim will be to present an audience situation for this smaller 
group and to acquaint the others in the class with the existence 
of such work, rather than a mastery of it. The group, however, 
John A, Swenson, Gra hic Methods of Teaching Congruence in 
Geometr 1930, pp. SC-O7, 99-100. The National Ssunert of 


reacners © Vi32tnema ne @ earbdook 
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‘which is studying it will be held to the mastery of the idea 
Heer individual written lessons. A second group interested 
in manual training will be asked to make wooden models for 
congruente. Those interested in art will be asked to draw 


congruent designs of their own choosing. Still others in the 





class will contribute by bringing in congruent things such as 





milk bottles, lasts, etc. The literary group will be asked to 

study the matter of congruence as it refers to life and write 

compositions on what phases of life it affects. | 
The succeeding assignments on this topic will involve 


pupil activity as above suggested with the teacher in the back- 





ground as a rather silent chairman, 
The final written lesson on this topic will involve 
questions similar to the following: 


1. Of what use is the knowledge of how to get congruency? 
Give a practical use in life. 





2. Why do we not accept measurement as a proof of | 
congruency? | 


5. How do you prove congruency? 
4. Give four examples of congruency in life. 


5. Would machines be useful if we were not interested in 
congruent things in life? 


9. Use of congruence. The powerfulness of the proposi- 
tions on congruence should be called to the attention of the 
pupils by showing that if figures are congruent, the correspond- 


ing parts are equal. Drill should be on this. Thus one has but 





to get one side in one triangle to get the corresponding side in 


the other as in the stream problem and the same thing is true of 
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the corresponding angles. 





Schlauch+ gives an interesting application of the congruence 
Some pupil may be made to achieve better his ego by being given 


this matter, so that before the class he may place the chart on. 
the board and have the matter well enough in mind to given an 


application to the class. 





In the accompanying chart it will be observed that as 


triangles OAB and DAC swing up and down through A, so that the © 





end lines are always one space wide, that the sum of the numbers 
at the two extremeties of each line is the same, and that the 
triangles are congruent. Thus we have automatic addition. 

The same author writes of a chart for multiplication and 
for extra hours involved.” 

10. Application to wage chart. The chief purpose here is 
to show the pupils that arithmetic links with geometry, so that | 


processes become automatic readings for results. 


















YOr 735 =163 77#%6 =/63 
I+ 77= 163 7L4+%97=/63 








I. W. S. Scehlauch, “Mathematics as an Interpreter of Life". Th 
National Council of Teachers of Mathematics, The Third Yegr- 
book. 1928, p. 28. 





2. W. S. Schlauch, loc. cit. 














sys cam 
od 


totfed evelriss o¢ etiam: ed yam [iauq 


















no gisdo eft eosldq yam en eealo eng erated Yadd oe , rece 
ne neviy o¢ batm ai done [lew teddam@ sad eved baa breed ¢ 


ceslo ers od 0: seo tad 
33 dedd bevreedo ed Lliw dt dabdo salyaegaooor edd ar 


ey dedt oe ,A davoud?s awoh bas gy giiwea Dag pas GAO | eo igre 
: = . _ 


fh 


cedewn eft to awe edt ¢dadd ,ebiw eoead eno syawla sae sont 6 


wa 


eit gedg boas .omee edt ef eatfi do@e to asitemetdke Gwe sae $8 


.. 
7 
Pre 


nolgipbe sitcamotys even ow euaf .dneuagcoo e1k gelgaet tc 


bys soldsoiicti{um 10% diedo a Te sediyw sedins enaa od 


rm 


S, bevfovni eavor ardxe 10% 





Reis ridettetnetie Sadicets ~ "oF on 


el ested seoquvg teide ed? .itueds egew of nolisetiqghA .OF  ” 









tsd3 ce .y1temoey diitw exall ofsomiticas dads es arid work 
r 
> Ss 
é ER = VT AM 


Fal =Teer EA vt +eF 


tt ,"etid to setesqtednl ae es. soivanedian” 2 cae tase 
-TseY built eff ,eolvaneniiat To etodoget to Ltornwou 


en te ee at 





-104- 





The oupil will be told to prove the two triangles involved 
as congruent, a process which is done by means of two angles 
and a side, the side being the distance between the division 


lines, and the angles being made equal by the parallel lines 





and also the vertical angles. 


Schultzel urges the concept of equality of triangles by 





means of concrete illustrations. He would avoid frequent 





repetition of proof. Rather he would pass over the topic 

astily. He suggests one polygon in color, so that when the 
figure is. superimposed, the color may show up over the white. 
Nyeberge feels careful instructional work should be done 
along the line of getting clear in the pupil's mind the idea 
of equality of angles and lines. 

Reeve® suggests tracing on paper, cutting and placing over 
Young4 advises the use of models which the pupil would make for 
himself. He also suggests dissecting of cardboard and use of 
tracing paper. Hassler and SmithS agree with Nyeberg in regard 
to the careful instruction on definitions of lines and angles. 

hey suggest experiment and drawing. They call attention to the 


failure of pupils to get the meaning of two sides and an 





included angle. They suggest drill on finding the included 


1. Arthur Schultze, loc. cit. 


2. Joseph Nyeberg, The Mathematics Teacher, XXIV (October, 1931) 


« William D. Reeve, “Demonstrative Geometry for the Ninth Grade’ 
The Mathematics Teacher, XXVI, (March, 1935). p. 158. 


4. J.W.8.Young, The Teaching of Mathematics in the Elementar 
and Secondary SOnool peat) 28 ea 
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angle and adjacent angles, etc. Orleans! suggests cutting out 
paper or cardboard. Miss Allen? has the children bring in 
congruent things from the world, a wide assortment, such as 
quart milk bottles, linoleum patterns, etc. Swenson? uses a 
graphic method of showing how the angle and side vary when the 
conditions are not for rigidity; he uses the idea of showing 
what takes place when the conditions for rigidity are not given 
His graphic method is of value because it links up with algebra 


Beatley4 would leave "equal" undefined. Betz° urges the 





use of very simple original exercises. He agrees with Miss 
Allen in the use of bringing in figures from the world to show 
congruence; they are the products of our machine age. Re- 


prints, lasts for shoes, castings, all involve congruence. 


1. Joseph B. Orleans, "A Unit of Demonstrative Geometry for the 
Ninth Year", The National Council of Teachers of Mathematics 
The Fifth Yearbook. (1930). p. 45. 


2. Gertrude E. Allen, "An Experiment in Redistribution of 
Material for High School Geometry." The National Council 
of Teachers of Mathematics, The Fifth Yearbook.(1930) p. 73. 


5. John A. Swenson, op. cit. pp. 99-100. 


4. Ralph Beatley, "Coherence and Diversity in Secondary Mathema 
tics", The National Council of Teachers of Mathematics, The 


Eighth Yearbook, (1953). p. 198. 


5. William Betz, "The Teaching of Intuitive Geometry", The 
National Council of Teachers of Mathematics, The Eighth 
Yearbook, (1933). p. 155. | 
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B. The Base Angles of an Isosceles Triangle are Equal. 


Continuing the work on formal demonstrations, the next step is 














from congruences to the isosceles triangle which again furnishes 
a fertile field for various proofs which will be noted briefly 
at the end of the unit. For the present, the greatest concern 
is the motivation of the task, and again one turns to the 


applied problem for a@ felt need. 





1. The applied problem. You are building a house and have 







decided that the peak angle shall be 80 degrees. You have a 
timber that you wish to use for a brace and wish to know at 


what angle you must saw this timber in order to have it fit 






snugly against the roof. That is, you wish to find angle 2, 











figure 1. Angle 2 could be found if angle 1, figure! could 
be found, because 2 and 1 are supplementary, their sum equaling 


180 degrees. You could find angle 1 if you knew the relation- 





ship between 1 and 35, since angle 4 has been decided as 80 


degrees, and you have found by paper cutting in a triangle that 







the three angles always equal a straight line, 180 degrees. The 








task is to find angle 1. The information you have is that the 
triangle has equal sides down the slope of the roof and you 


know the vertex, or peak angle. 





a). The brace. Keep in mind the task that you cannot saw 


the brace haphazardly and still have a snug fitting joint, but 










you must saw it at a certain angle. This angle is determined 


from the fact that base angles of an isosceles triangle are 
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Below are the various parts of the figure: 








Brace 
Re oy 
f | 
4) | 
Ae) » | 
Vi, ™ my 
Figure 1. Fa gure 2. o 
The brace on the roof can be extended to any brace, such 
as under a shelf. In addition, the size of the angle.on the | 





brace will vary. In putting the roof of a garage together, the 
workman must know at what angle the beams will be cut, because, 
as in a lamp shade, four pieces come together to form the peak. 
A knowledge of plane geometry aids in accurate cutting and clo 
fitting. 

2. Graphic analysis. One may now attack the task of finde 
ing each of the base angles of the triangle by proving the base 
angles equal. Since the goal is "Base angles are equal" and 
the start is an isosceles triangle which gives two sides equal, 
the task is to discover the intervening peaks. Discussion brings 
out these peaks, and they are presented here in graphic form ang 


held constantly before the class during the entire procedure. 


This aids in keeping the problem definitely in mind and also i 





avoiding confusion and insuring easy surveys of progress, and 
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and organizing of material. T 


‘a). The mountain. The mountain peak graph may be endowed 


with life by referring to the progress of the proposition as 


the climbers ascending the Alps. Like the actual climbers there 


‘must be ropes by which the party ascends to the various resting 
places or peaks where account of stock is taken and plans for 
the further climb is made. All must have success. All must 
reach the top. 

Provision may be made for those interested in drawing by 
making this diagram in colors to be hung on the walls. The 
peaks may be made of green or white, while orange or yellow is 
a good color to use for the ropes in this picture. [In all 
cases, colors should be used which are discernible from the 


background of a black blackboard. Below is an illustration@ese4 
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Schultze! discusses the analytic method, but does not 
connect it with the graphic method. 


3. Class discussion. The class secretary under the tute- 


lage of the class constructs an isosceles triangle which cnselyee 


constructing two sides equal, an exercise in making line segments 


equal. 

Discussion is then held as to what methods may be used to 
get the angles equal. The theorems preceding will vary accord- 
ing to the text. In the Cowley? text the three methods of 
congruence of triangles have been accepted without formal proof 
and parallels have been studied. The material here would be 
quite complete. In the Strader and RhoadsS text which is being 

sed here, the only two methods available are the two sides and 
included angle method, and the two angles and included side 


ethod. 





at present, it is necessary to make it into two so that one of 
the base angles is in each triangle. The suggestion is made by 
he pupil to draw a line dividing the two triangles. 


(1). A common error. A common error at this point is in the 


hinking of the pupil. Often they attempt to prove the proposi- 


bDisect the base. I tell them that they cannot eat their cake and 


von by drawing a line to bisect the vertex angle and also to 
have it too. 
| 








. Arthur Schultze, The Teaching of Mathematics in Secondary 


« Elizabeth B..Cowley, Plane Geometry, pp. 30, 45, 79. 


5. William W. Strader and Lawrence D. Rhoads, Plane Geometry. 
pp. 42, 45, 52. 





ay. The construction line. Since we have only one triangle 
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(2). Correction of the error by construction. Instead of 
reviewing with them the fact that a line is determined by two 





P oints (the position which it takes is so determined), t 
suggestion is made to draw a good sized scalene triangle in ee 
lthe sides differ considerably in size. The pupil who made the | 


suggestion to draw a line bisecting the vertex angle in the 





isosceles triangle and bisecting the base is called to the board 
and asked to construct a bisector of the vertex angle. Upon | 
completion of this he is then asked if it bisects the base. | 
Then he is asked to bisect the base and the question then comes 
as to whether that line bisects the vertex angle. Finally, | 
attention is called by means of a pencil touching the end of a 
finger and the end of an eraser, that the position of the pencil 


is determined by two points, the finger end and the eraser point, 





The question is raised as to whether there were two points 


involved in each of the constructions. Suggestions from the 





ree point to the vertex of the triangle always being one point. 


and the second point is determined in bisecting the angle, or od 


case of the line bisection, the point of bisection of the line. 





Thus the pupil by his own activity, by graphic representation, 
and finally by linking up to a known fact and the discovery of 
that fact in the drawings, is made to acquire the important 

notion of the limitation in drawing lines. Im a conclusion it 
is noted that while a line may look to bisect both the angle andl 





the opposite side in isosceles triangle, yet in general triangle 


it is not true and cannot be assumed as true in this triangle. 


| 
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The drawings to illustrate the previous section follow; 
i) 





A D S 


Isosceles triangle--Theorem 





Scalene Triangles , 


F 
Red Chalk 
Yellow chalk 


Bisecting side 
Bisecting angle. 


For the bisectors, colored 
chalk. 





Red 2 Yellow 


Showing B D as bisector of B 
Showing B D as bisector of opposite side. 


Self-discovery of error by construction. 
In the preceding figures, the scalene triangles are all 

of the same size and the method is to draw the two construction 
lines in the different figures in order to make clear to the 


class the construction and finally to combine them in the ae 
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"figure to. show that they are not the same ‘line. this compre-— 


lneaenen of the construction line is one of the most difficult 





points for the pupil: toattain. One reason is that the 
Proposition comes rather early in the text before the pupil is 
|we22 grounded in geometric ideas, and he falls an easy prey to 
fallacies from special figures. His eye tells him it is true 
from the visual standpoint and he does not yet readily grasp the. 





idea of general figures. The method already outlined of drawing 
a scalene triangle will give opportunity for the realization of — 


the mistake in reasoning. 





Further exercise by the various pupils in the class with 


‘general triangles drawing bisectors of vertex angles, altitudes, 





and medians, will fix the idea in mind. They may be told that 


construction of lines is like the boy in the story to whom the 
fairies gave three wishes, that only one wish could be had at a 


time. Another illustration would be of King Midas who could 





have his gold but not his daughter alive. | 
| Colored chalk may help to differentiate the various lines 
when drawn in the same figure. Make sure that the pupil 





‘understands that the isosceles and equilateral triangles are 
special cases. | 
| If the constructions are made automatic, and if the idea 
that a construction line can fulfill only two conditions is 
‘thoroughly instilled, the pupils will have an easier time in 
‘proving the propositions, 
| This is an excellent stopping place also for a discussion 


of the pis i of selection in ace _ thai if we have 
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such and such, we cannot have such and such; that person is most. 


| 


successful who can choose wisely and lead a well-balanced life. 


(3). The right road to the "Land of Congruent Tebangies + 


‘The next question is--"Which construction line shall we choose?" 











It is noted that there is the possibility of the perpendicular : 
addition to two lines just discussed, the median and the bisecto1 





of the vertex angle. This third line was not introduced in the 
previous section because it was desired to make the difficulty 


at hand as simple as possible by drawing a line only to two con- 





ditions. 


The highway from the "Land of the Isosceles Triangle" to 


the "Land of Congruent Triangles" branches in three directions 


with the signs "Altitude-Perpendicular", "Median-Bisector of 
Opposite Side", and "Bisector of Vertex Angle". 

Each road is traversed by the class until some sign tells 
them that they are on the wrong road. If the first road they 


choose is the correct one, they are then asked whether one of 


| 





the other roads would bring them out to the right place, and it 
is accordingly traversed. In this particular proposition, the 
only correct method in a certain arrangement of propositions in 


‘the text is the "Bisector of the Vertex Angle", but often there 





are two or three methods by which a proposition may be solved. 


| *The word “included” comes in for attention at this time 


| | 
because one of the roads leads to two sides but not the included 


angle. It is wise to begin to emphasize also that whenever two 





| oa 
angles of, triangle have been proved equal to two other angles, 


you never have to Te as to whether the two oan Somalia the| 
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included angle, because the third angle is equal by a tprppesi- 


‘tion to be proved shortly. That is, two angles equal to two | 


other angles in two triangles always mean that the three angles | 


in each triangle are equal, respectively, but not so when two 


‘sides are equal. The sides may not be extended to three equal 





sides without additional equalities. 


Land of Land of 
Isosceles Congruent 





| Triangle Triangles : | 











The above diagram is built by the pupil at the board as 


the discussion progresses. Colored chalk, red, yellow, white, | 





may be used for the three branches. 
It will be noted that this idea savors of Bunyan's Sri galt 
Progress, where abstract ideas were made clear by relating to 
concrete. Bunyan's sin was a load carried on his back. Here a 
construction line becomes a road. 


There are enough points of similarity along each of the 
roads to give the careless pupils difficulty. For instance, 
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some pupil that that is the correct road for it makes two sides 
and an angle. The *paragraph on the second page back takes caré 
of this situation. The next construction, the "Median" road 
brings from some pupil the remark that it is the right road 
because it makes two sides and the included angle at the base. 
This, of course, is an example of not keeping the problem in 
mind, and assuming that the base angles are equal. This fallacy 
of reasoning comes from the complexity of the situation. The 
pupil has been thinking of other geometric facts and thus has 
neglected the idea that the base angles are to be proved equal. 
In each case, other pupils in the class will discover this erro 
and the function of the teacher is to be sure that all pupils 
understand why it cannot be accepted. 

4. Suggestions from writers. Up to this point one has; 

a). Made angles BDA and BDC right angles. BD equals BD 
and AB equals BC (Hyp.) BUT Two sides and no included angle, 

bd). Made AD equal DC. AB equals BC (Hyp.). BD equals BD 
(Id.). Three sides but no angle. In Cowley! text this would 
be acceptable according to that sequence of propositions. 

A third possible construction of BD is to bisect the vertex 
angle. This is done and it is found that AB and BD surround the 
angle 1 and BD and BC surround angle 2, so that triangles 1 and 
II are congruent because two sides and the included engle are 


respectively equal. 


1. Elizabeth B. Cowley, Plane Geometry, loc. cit. 


the "Altitude" road will be sure to bring forth from 
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Below is the figure.! 








A rad 


Since the triangles I and II are congruent, angle A and 





angle C are equal, because they are corresponding angles of 
congruent triangles; these are the base angles. Therefore, the 
base angles are equal. Q. E. D. 


a} Self-discovery of error by construction. "In the 
preva ng arrangement of propos ons, e only 
method that leads to two triangles, the equality of 
which oan be proved by the student at this stage, is 
based upon the bisection of the vertex angle. As the 
student, however, cannot foresee this result, it 
would be advisable to let him try to obtain two equal 
triangles by means of the median or the altitude, in 
order that he may discover for himself why the bisec- 
tor alone can be used." 


bl Proof of proposition by turning a congruent triangle 
through space.--Superimposing. To avoid drawing the bisector, 













i. William W. Strader and Lawrence D. Rhoads, loc. cit. 


* Arthur Schultze, op. cit. p. 152. 
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yeberg! suggests drawing two congruent triangles, and turning 


one through space, superimpose it on the other, since it has an 
included angle and two sides equal respectively to the included 


angle and two sides of the other triangle. This makes the base. 


angles fit in reverse order and thus proves that they are 


interchangeable, and are therefore equal. That is, base angles 


are equal. In the figure outlined below, turning Triangle ABC 
through space so that angle C falls on Bt and angle B on C!, 
since angle A coincides with angle A' and side AC with AB! and 
side AB with A'c!, 


o 

I Joseph A. Nyeberg, “Proving the Equality of the Base Angles 
of the Isosceles Triangle". The Mathematics Teacher, XXII, 
(October, 1929), p. 318. 
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sides. Another method of proving that the base angles of an 
| 
attention to the fact that this proposition is based on proving. 
| 


rests on the congruency of two triangles by means of three 


sides, and that the latter proposition again rests on the proof 




















ce)» Perpendiculars drawn from base angles to the opposite 


isosceles triangle is suggested by Christoffersonl, who calls 


the construction of the bisector of an angle, which in turn 


that base angles of an isosceles triangle are equal. Im other | 
| 


words the proof is faulty, unless one assumesgone or the other of 





the propositions, He avoids drawing the bisector of the vertex 


angle, and draws a line instead from the two base angles per- 


pendicular to the equal sides. He then proves the two over- 


lapping triangles with the common angle at the original vertex 
equal, and with the sides proved equal from this work goes to 


the overlapping lower triangles, and proves them equal, thus 





proving the base angles of the isosceles triangle equal. 


* H. C. Christofferson, "A Fallacy in Geometric Reasoning", 
The Mathematics Teacher, XXIII (January, 1930) pp. 19-22, 
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C. Proportion and Similarity | 


lL. Introduction. 
a). Importance. As suggested in the introduction to the 
thesis, the topic of proportion as involved with similarity is 


of great importance, not only in geometry but in all phases of 





human activity. It overshadows the congruence unit in that the 
latter is a spscial case of similarity where the ratio is a l;:l 


ratio. Writers seem to agree that the topic of proportion and 





similarity is one of the main threads which runs through 


geometry. Orleans! names it as one of three main threads that 





run throughout the plane geometry of the tenth year. 
This unit will begin with general suggestions in regard to 
the teaching of proportion. Various ways of introducing the 


subject are noted which include the applied problem, and hand 





work such as manual training work in constructing a pantograph 
and drawing, and for more verbal-minded, a discussion. 

The topic is further motivated by postponing the algebraic. 
processes until close contact with the geometric need is made. 
The importance of the topic is shown through its relationship 
with trigonometry, physics, and chemistry. 

Clarity is tried for by graphical work, drill on important 
facts, pre-work on definitions, and the attachment to the school 


subjects as noted above. 





b). General suggestions. Let us note first the general 
suggestions. 
1. Joseph B. Orleans, “A Unit of Demonstrative Geometry for the 


Ninth Year", The National Council of Teachers of Mathematics, 
The Fifth Yearbook. (1970), pp. 51-52. 
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figures. 
Teach by meaningful situations; illustrations; the concrete; 
practical problems, rather than through verbal statements or 


algebraic symbols. 


Teach proportion in connection with beauty. 

Teach with applications to physics and other subjects. 
Connect with study of congruent triangles. 

Study proportion of the human body as made by artists, 
Make a gradual introduction. Teach ratio first. 

Connect with numerical measure. 

Give a new method of proving lines equal; if three quanti- 
in each proportion the same the fourth must be. 


Group the various book propositions together to show that 


they come under the fundamental propositions for similar 


triangles. 


Show mode of notation in diagramming similar parts. 


Describe two methods of copying pictures; 
a. Squared paper. 
be Pantograph. 


Provide for individual differences: 
a. Construction of models. 
b. History of art. 
Ce Artistry. 
de Verbal delivery; must be in proportion. 
e. Difficult problems on proportion. 
f. Relation to physics and chemistry. 
Illustration and talk on. 


c). Introductory discussion. 
(1). Applications to life activities. In discussing 


proportion, instead of making the pupils do much mathematical 
| 





} 
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work in changing the form of the proportion, or remembering 
definitions, the aim is to develop an interest and realization 
of the importance of proportion. This is done by showing the 
practical applications proportion has to life. It will be the 
chief purpose of this unit to suggest connections with other 
subjects in school and in life in general. As the pupil sees 
the importance, and directly with the need involved, the sien a | 
sary algebraic manipulations may be taught readily. 

(a). All calculations based upon it. In showing the 
interrelation with life, it is noted that all true samples 
involve proportion. As the quality of the sample so the qual- 
ity of the whole, if it be an honest sample. As the price, or 
amount of the unit, so we can figure the price or amount of the 
whole. All calculations come under proportion. The amount of 
paint for @ building, or the cost may be figured from a unit 
surface, or unit cost. The same is true with lumber which 
involves volumes. 

(bd). Industry uses it. Industry makes all its estimates on 
it, does all its buying on it. To illustrate a little more in 
detail, in the human body there exist certain relations 
between measurements well known to dressmakers. Every purchase. 
made on sample involves the implication that as the quality is 
in this sample so the quality will be in all samples. Every 
piece of work involving estimates of material used over a 
common denominator of space involves proportion. As so much 
paint to such a unit area, then so much paint for the total 


area. In chemistry so much sulphuric acid for this amount of 
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| 
| 


nitric acid, then so much sulphuric acid for the new amount. | 


(c). Good photography considers it, In good photographs 
the following proportion holds: 


Size of picture head _ S426 of picture foot. | 


Size of réal head ~ Size of real foot. 


One of the errors of life, however, is to take a small 





Ssamplé of human conduct and judges the entire conduct of the 
individual by it. Of course one knows that human beings in | 
their conduct toward one individual may be entirely different — 


from their conduct toward another human being. This is one 





place where proportion has other complications. 


| 


(d). Literatures recognizes it, And in its larger aspects 
every presentation whether delivered orally or in written form 
before an audience is based on proportion. THe balance is | 
what is continually wished for. Not an outline of a debate 
or a thésis may be written down without regard to proportion. 
As the ¢mphasis on this particular portion is to the whole, 

so in another situation emphasis must play the same relation 


to the whole. The mind has accepted the Golden Ratio not eniy! 
to the rectangle but in 4&ffairs of life. 
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a). Early assignments. 


(1). Enlarging pictures. Engle! suggests an approach to 


| the study of proportion which involves the activity of all the 
pupils in a simple drawing situation within reach of the entire 


class, which is attached to a concrete situation, involves 


| material easily obtainable, and which finally has an audience 





| situation. His procedure is as follows: 


“Young artists in copying masterpieces use the 
following method: Across the photograph of the 
original painting small squares are drawn. Then on 
a canvas which is to contain the reproduction larger 
squares are drawn in faint charcoal lines, Later 
these lines can be easily erased. By locating points 
on the canvas in squares corresponding to squares on 
the photograph the main outline of the pictures are 
obtained in correct proportion. 

"two or three weeks in advance of the formal 
work on proportion I tell about the method in the art 
gallery, and make an assignment requiring each pupil 
to secure some picture and reproduce it by the method. 

"For class work the Sunday comic supplements and 
daily comic strips make excellent masterpieces and add 
a little fun to the subject. Small line drawings are 
best. 

"Squares for example of 1/4 ineh are made on the 
original picture and then pencil squares say of 1/2 
inch, are drawn on a sheet of drawing paper. Lines 
of the original drawings are reproduced in the corres- 
ponding squares. 

"Colors may be added. 

"Post some of the pictures on the bulletin board, 
where the other high school pupils can see them thus 
making mathematics popular. Enlargement has been 
found easiest, although of course pictures may be 
reduced or copied the same size, 

“Art drawings from magazines are good. Bring in 
the idea of proportion in photography. 


(2). Making a pantograph. It is a good plan also to have 


[tems pupil interested in manual training make a simple panto- 





graph which involves a more scientific method in copying ened 


c- B. T. Bngle, Proportion, School Science and Mathematics, 


a 1c. +. 2-271. CSCSS—S—C— 
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== = ————— ————— = ee ee 
types of drawings which requires the tracing of lines, or | 


making a map to any desired scale. A description of this’ 





instrument is given by Cowley as follows;1 


"A pantograph is an instrument used for making 
enlarged or reduced pictures. The four bars, 
parallel in pairs, are jointed at points A, B, C, | 
and D. The lengths of the sides of parallelogram | 
ABCD can be adjusted at points A and C, but points | 
E, B, and F must be in a straight line. The in- | 
/ strument is fastened to the drawing board at E. 
While a dull point at B traces the original figure, 
| the pencil point at F draws a similar figure. 
| "If pencil point F draws line segment FG 

while the dull point traces line segment BH, why is 

BH . EA, 

FG ~ ED , 

"In adjusting the pantograph at points A and ¢, 
what would be the ratio of EA to ED if you wished 
each line segment in the enlargement to be three 

| times its original line segment? Why? ! 
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e). Humor from lack of proportion. Following the hand 
activity of the pupils in making copies of pictures may come 














_ activity in observation of proportion in life. This can be | 
) _ emphasized by showing what happens when objects are out of | 


- proportion. 


(1). Big feet in the photograph. The photograph of the in- 
- dividual sitting down with the foot too near the camera is a 
good example of lack of proportion. 


(2). The fish you caught. Humor is introduced also by 


showing a picture of the fish you caught which seems to be as 





large as the man holding it because the picture is out of HE, 
(3). Stilts. Men on stilts with big advertising signs 
walk the city streets, attracting attention by their lack of 





proportion. 


(4). Masks. Masks make features out of proportion. In 








_ short, proportion may be emphasized first by the presentation 
of lact of it. 





(5). The fly. Dr. Wilson recalls the humorous situation | 
_ analogous to the fish near the camera by calling attention to 
a fly as on the window across the street directly in line of 
vision with a window pane immediately in front of the observer 
on which the fly really is. Caught unawares, the onlooker 

| thinks of the fly as across the street until the absurdity of 


_the supposition dawns on him. 


| f). Individual assignments. 
| (1). Sketching pictures of the human body. The idea of 
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beauty and proportion being linked together has been suggested 


_ by Wolff.) He says: 
| "the theory of proportion affords a very good 
| example of practical use according to the methodi- 
cal principles of "concentration", as proportions 
were used by artists for drawings of men and women 
in the days of the Renaissance when man was regarded 
as the measure of all, and when the chief aim of | 
artists was to model the human body in an ideal form. | 
| We know that Leonardo da Vinci (1452601519) diligently 
! studied proportion in order to create beautiful | 
bodies. These proportions of the human body were 
analyzed in the time of the ancients. Great tables 
were drawn up showing the relations of all parts to 
one another and especially of all parts to the whole, 
Such a table was called a "canon". 
“one sketch by Leonardo represents a head. In 
it one can see that the part above the forehead is 
equal to the breadth of eyes and to the distance 
from nose to mouth. Likewise we find the same 
| distance from eye to point of nose and from mouth to 
| chin. Moreover, we see that the shorter distance is 
| contained twice in the space from mouth to chin and | 
| three times in the forehead...." 





| (2). Bringing to class drawings, pictures, models, and 
photographs. At this stage some of the pupils especially 





interested in drawing may wish to bring in drawings showing 





proportion. Collections of pictures, models, photographs, etc. 
may also be made. | 


(3). Reading; (4). Photographing; (5). Presenting historical 
f indings. Individual assignments may involve reading, an 





photography and oral presentation of historical findings. 


| (6). Choosing widths of tucks and hems. For the girls, tne 


problem becomes one such as choesing widths of tucks and hems | 


1} 


and distances between then, 


I. George Wolff, The Mathematical Collection, The National 
Cowmeil of Teachers of Mathematics, The Fifth Yearbook, 
(1930) ’ Pp. 229. 
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|. (7). Learning the. golden ratio. “The algebraic method « of 


discovering the so-called “Divine Proportion" or golden section 





may be taught at this time. 


When this introductory work has been accomplished in 





proportion one may next move on to actual work with proportion. 


2. The Demonstration. 


a). The approach to work on demonstrations. 


(1). Defining "corresponding" sides. Before considering 
complex figures in proportion propositions it is well to have | 


the pupil get clearly in mind the meaning of the word "corres-~ 
ponding" e Sehneli+ advises putting in an entire wnit in finding 


corresponding parts of geometrical figures so that that particu- 
ler part of the work will not bother in the solution of the | 


various problems. 


These parts. may be located by noting the sides opposite | 





equal angles as corresponding sides. Instead of lines simply | 


being placed in ratio at first the ratio may read somewhat as 


follows: 
| Longer leg Tri. Shorter leg Tri. hype Tri. 1 
Longer leg Tri. = Shorter leg Tri. 5 hyp. Tri. 2 


fn the case of a right triangle, while in the case of a general | 





triangle, the ratios may read: 
Longest once Tri. 1 - Shortest side Tri. 1 = Med. side Triel 
Longest s iri. Shortest side Tri. 2 Med. side Tri.2 


Considerable activity may be engaged in picking these various 


¥ Leroy H. Sehnell, "An Attempt to Apply the Principles of 


_ Progressive Education to the Teaching of Geometry." The | 
| Mathematics Teacher, XXVI, (March, 19335) pp. 163-175. | 
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a ———————————————— 
parts out from simple to imcreasingly complex figures. | 
(2). Study of ratio by mumerical quantities measured by 
pupils. Emphasis should be on the gradual approach through a | 





study of ratio by means of numerical quantities measured by the | 
pupils. Relation to the concrete activity of the pupil with 


| 


familiar numerical quantities will help to fix the idea in mind. 


(3). Close linking of algebraic manipulation with geometric. 


needs. The various exercises which are required of proportions 


\| 


should be performed only in close connection with the geometry 
involved. Thus, in proving the law of inversion algebraically, — 
the pupil should .be shown the figure in geometry where it is | 
needed and the two processes, algebraic and geometric, should be 


| 
| | 
kept side by side. The same is true in establishing the propor-. 


tion between the sides of a polygon and the perimeter. When the 
algebraic proof is given that the sum of the antecedents is to 

the sum of the consequents as any antecedent is to any aoueeanentl 
the geometric figure should be immediately drawn, and the picture 
and use of the proof should be shown at the same time. Thus the 





pupil sees the reason for the abstract algebraic process. 


(4). Congruence as a special case of similarity. Meaning | 


may also be obtained by showing relationship to other parts of 





geometry. Thus, as mentioned heretofore, congruence is a 
special case of similarity where the ratio is a 1:1 ratio. 
Contrast equal corresponding sides of congruent triangles and 
| 


proportional corresponding sides of similar triangles. Relate 


this work to the solution of the right triangle in trigonometry. 
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Schultze! devotes considerable space in showing. the relationship 


between the various propositions on similarity. It may be noted 





that when the words "mean proportional" are used that there is 
similarity involved. Also in the case where the product of two 
Line segments equal the product of two other line segments, 
Schultze” calls attention also to the fact that proportion is 
another method by which lines may be proved equal, 


b). Value of proportion, 
(1). A method of proving lines equal. In case three 


quantities of a proportion are equal to three quantities in 


another proportion, the fourth must be equal. Thus, if a:x as 


| 





| 
bie and a:x as d:c, "b" and "a" must be equal. Constant | 
| 


reference to arithmetical quantities and to the fact that a 


ratio is a fraction brings the pupil back to the familiar. ce 





each letter a value and write in the numerical values in case of 





difficulty by the pupil. 

| (2). Trigonometry built on it. Relation to trigonometric 
tables may be made by the fact that these are written in terms 
of decimals, but the decimals really have a denominator of one 
had are therefore fractions. They are fractions, the ratio of 
the two sides involved being called a function such as sine or 
cosine. Whole numbers are also fractions with the number one as 


the denominator. Thus weights and heights take on meanings as 


ratio. To say that a person weighs 125 lbs. means that he is 





125 times a one-pound unit of weight; the same idea holds in 


e Arthur Sc ze, The Teaching of Mathematics in Secondar 
- Schools, pp. 197-206, 


























ane 


wad’ he 
| 
tn sie 
otdenotislen edt gittwore at ogee elderebtande eedoven fausindea| 
bedvoa ed yan $I -ytiveltmie mo aneisteogorq esottev ett nee ji 
el sexed? gent bees eva "“Lenottuogesg neem" obacw eds sedw gz tf 
ows to goubotg erld exefw eato oft ak oats .beviovat ysbaeltatd 
~timengee enil tendo ows to touborq edt LIanpe etneager ontd 
at soldtogosrq tedt toet edt ot oele noliaetia elizo Sead iunod 
slaspe bevotg ed ysm eenif dolidw yd bodjem tedions 

| »noldrogotg to exlsv .{d 

sitverd to Bossom A . (1) 
nt estilineusp seids o2 Leups ore soljJcoqotg 8 To vetdidaend 


neott 





| 
ee1dd see0 ot .feppe 
es x:8 tt ,cudT .leupe od seym céasot edd ,solitoqosq reddong 
dneatenco .lespe ed saum 1h” pig "G" .o:b ae x:e8 baw ord 
| 8 gents tost sas oF One setttinaup fsolienmdtias o¢ eonotsted 
| evto raifims?t end od woad ftosq edt egatid noftostt se et ofta 
ro sess at eoulév fsolvecmpa: odd at ediaw bas exlav s xetdol cond 
-liqug ent yd ysivolti le 
olatemonoging ot moltefeh .gt no tiling Urs emoson lst « (S) 
| egred at netcinw ets seedt ted toast eis yd ebsam ed yam sefded 
eno to tojsnimonedS s evad yiisex eLlemloah ont ted ,atemtoeb tq 
to olsex eft ,enolsest? ers yedf .senotioaxt exetanedseeee otee 
10 effls ex dose noltonwt s bellso gated bevfovnl esble ow’ oi 
ies eno tedma odt détw anoldostt oels eis sxedmwa eLodW vomteod 
| as egoiasem ao etad adele Fert boas addatew esdT .10dsnimoneb ott 
ef orf Jadd aceem .adt GSf ariglow noeteq # dedt yee of oltad 
mi ebfod aeht emea add ;sdgtew to din bavoq-eno 8 eemtd € : 


| yrsbooveg at esitameddal to patsdoset " Vesdlunos WATIA. 6 
| senmamneneiiii iii. << a=VeLr .aq .eloodoe | 


2 Os: SL LEA | ® 








St See | =i 9 ci Aa pa aaSL tome. Nek. 


lengths. 


(3). Time-saver in measurements. The use of proportion may 
iain added emphasis when shown that it may save much time in 


| 


) measurements. Areas of two similar figures are in equal ratio 





to the squares of any two corresponding lines, and their volumes 
are in the same ratio to the cubes of any two corresponding 


sides or altitudes. When it is shown that the area or the 





volume of the smaller of the two objects may be found, together 
with a certain line in the smaller and the corresponding line in 
the larger figure, which will thus give the area or volume of 
the larger object, the pupil is instantly interested in the 


labor saving involved. In fact, constant reference to the | 








shorthand of various subjects is always interesting, Notation 
made simpler always proves not only interesting but a valuable | 
eta to clarity. For instance, instead of triangle ABC being 

similar to triangle DEF,Q\I- II. In the same way a single 


| | 
letter for a line in the triangle instead of two letters aids | 


in simplicity. Reference to volume leads, of course, into solid 
geometry which has a beneficial effect in showing the interrela- 
tionship of the subjects. | 
| ce). Proportion theorems. 

| (1). Hints for procedure. Motivation is always obtained | 
also by a clear idea of the goal, the birdseeye viewpoint, This” 

may be not only stated in verbal language but may be expressed 

4 graphically perhaps as follows; 


In order to cross the stream you have to use certain stones” 
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int Pe ena ee Be 
as steps. Given: Your starting point.Y%o prove four lines | 





proportional. Step 1. Try to find a pair of triangles each 

having two of these lines as sides. Mark these lines. 

| Step 2. Prove the triangles similar, 
> | a. Angles equal. 

| ‘be. Two sides in proportion and the 
included angle equal. 

Step 5. If necessary, transform the proportion 

by the various algebraic procedures of alternation, 
inversion, etc. For instance, take the proposition: 


The product of the segments of one of two intersecting 
chords equals the product of the segments of the other. | 


In the figure below; 





Product is true AD eeccvcscesveneceveeceesee( AO} (OB)= (C0) (OD). 
Proportion is true if.s.scss.ssseeeeess+ AO - OD 
OC OB | 
Triangles are similar if....csesssesATLWAII 2 = | 
Proper triangles are considered. 4A0c+4 DOB 
AlI+ AIl 
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) 


: a 





: 
| (2). Graphic representation. The graphic representation na 





be as follows: Hopping across the stream from stone to stone, 





Circle Proper Similar- "Proportion pecanae 





| and Triangles ity from from 
Intersecting con- Proved Similarity Proportion 
chords sidered 
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(3). Indentation of steps. The mountain graph idea may be 

















used or the index idea, thus: 


| Triangles similar if sides in proportion; since 

| Angles are equal by hypothesis, then the 
) ) Task is to prove the sides proportional. 
Since angles equal, product of sides in proportion. 
| Reduce the product to a single side. 


| 


(4). Cure for a common error. Sonner or later in the class 








someone will give the reason for congruency as equal angles in 
each triangle. The cure may be made by the following drawing 
at the board representing ice cream portions in which you tell 
the pupil that he may have the left-hand one and must not 
grumble since the angles in it are equal to the angles in the 


right-hand one. Smiles come from the class. 





Pupil says triangles with angles 





respectively equal are congruent. They 


_are really similar. 








LN 


| Pupil's Teacher's | 
| portion portion 
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a). The test. 


| 


the important points to be kept in mind may be stressed. This | 


(1). Significant questions. Both orally and by written work, 


| 


may be over a number of periods, obeying the law of distributed 


and diminishing repetitions. A completion test takes but a 





short time and serves as an extra repetition and supplies a 
| | 


motive for keeping in mind the necessary facts. Part.. of the 


period is now left for the inductive developments of the new 





proposition. A frequent review of anchor points helps. 

| Thus in developing the proposition that: 

| "Triangles are similar if they are equiangular", the 
following Questions may be asked: 


1. What are the conditions for similarity? 


2. What condition is given? What condition to prove? 


5. How can the condition to be proved be met, if sides 


are in proportion? 
| 4. What do we know about proportion if the angles are | 


equal? Triangles are in same ratio as product of sides including | 


the angle. 





| 5. How near is this ratio to the one desired? How can you 
get there? 

On board draw graph of stream. Hint that algebra is used. 
Someone discovers the process to change division to 
multiplication, 

The important thing is to get the pupil to know where he 

is going, then the details fill in quite easily. 
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5. The applied problem. 
a). Applications of proportion; similar triangles. 


(1). Expansion of rod in physics; two kinds of apparatus, 
‘The general idea may be presented that all magnification and 








reducing involves the idea of proportion. Interest may be | 
lancreasea by borrowing the microscope from the biological 

department and the telescope from the astronomical department, | 
lana showing magnification. From this idea it is an easy step to 


the reading of the expansion of a rod in the heat experiment in | 





physics, based on similar triangles, or in another type of 





apparatus, based on an enlarged reading from the circular | 
measure. The figures for each of these applications appear on | 
pupils. 

In the apparatus below for magnifying the expansion of a 
rod by heat, as the vertical rod "a" moves back through distance 


"“e" because of the expansion of rod, the pointer moves through a 
| 





|¢istance of "m. e." The triangles I and II are similar, having | 


an acute angle in each equal, and having right angles. Angle 


| 


each. The sides opposite angle "x" are the actual, and magni- 


fied expansion. " 


| 





a. 8 
Te e6< 





the following page. It pays to take time to explain them to the 


"x" in each triangle is equal as sides are perpendicular each to 


| 
i| 


a“ and "b" are measured and the proportion reads 





| "a". "p* and “m.e." are 
measured and "e" computed. 
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In the circular expansion apparatus, as the rod rolls over the 
| 





‘small rod holding’ the needle, each revolution of the small rod — 
is shown by the needle rotation, and the dial to which it BG 


‘The proportion reads; 


! cireum. of rod ~ + actual expansion | 
2 e@ireum. deseribed by ~ 3 magnified expansion | 
needle on dial. on dial. 


1. Measured by | 
micrometer. | 

2. Distance computed 
from diameter of 
dial. 

3. Read from dial. 

4. Computed from l, 2, 

and 3. 








/ 


This practical application to physics shows the need and impor- | 
tance of proportion and its interrelation with other subjects of) 
the curriculum, | 


(2). Pressure on the inclined plane. The applied problem 
will suggest the value of the interrelationship with other 





subjects within the school curriculum and also with life outside 





the school. Here is where the teacher who has a wide experience 
and an adequate knowledge of physics and other fields of interest 
is at an advantage. For instance, in considering pressure on an 


| 
inclined plane, use is made of similar triangles based on 


\ 





triangles which are equiangular, having two right angles, and 
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‘plane with the block, with the triangle represented by a line 


‘drawn to length as per the unit of lengths for a specified 


two acute angles equal. 


on an inclined plane is solved by a measure of the length of the 
actual plane and by the weight of the body involved. This 
always gives three quantities of the proportion, and the unknown 
‘which is difficult to measure, is calculated by a simple alge- 
-braie process. The same principle is used in solving for 

heights with the base line of a triangle known. The principle 
is that of comparison, where the trigonometric tables give the 
= reduced to a decimal point, which is equivalent to making | 
the denominator one. This has the effect of giving two sides | 
of a triangle, with the base line of the triangle known, so that 
either side of the latter triangle may be found by the same 


simple algebraic process. 


number of pounds, perhaps ten pounds to an inch or whatever 





a 4 


sides are perpendicular each to each. The problem of pressure 


| 








Preceding this paragraph is the drawing of the included 
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_ of hydrogen to chlorine used still being 1:35. The proportion © 


| can be solved from the simple algebraic equation l:w::d:p. 


equal to x (corresponding angles of parallel lines) is the 
complement of “y" and that "xl" is the complement of "yl", 
and since complements of equal angles are equal, "y" and "yl" 


| equal, thus making the respective triangles similar. The 


| this idea in the geometry class. It gives meaning to similar- 
ity in triangles. 


closely allied to all elementary problems in chemistry. Since 
_ selentific, and the law of definite proportions, one may 


prophecy by means of proportion the amount of one element to 


| proportion by weight would be in ratio to 1:35, keeping in | 
| 


_ would read: 


Amount of chlorine in a'molecule of HCl a ton of HCl | 


suitable scale might be chosen. The "1", "a", and "h" of the 


triangle can be measured, the "w" can be weighed and the "p" 


These are corresponding sides of similar triangles, and the 


triangles are proved similar by observing that "xl" which is 





are equal, which makes an acute angle in each right triangle 


writer has found that it has increased the interest to develop 





(3). Chemical ealculations. The subject of proportion is 


the advent of quantity measurements which made chemistry 


use in connection with another in making a compound. For | 


instance in making hydrochloric acid, HCl, in which the 


mind the law of definite proportions one«can‘téll* how much 


| 


chlorine would be required to make a ton of the acid, the ratio 





Wt. of chlorine in | 


@e molecule oO Fon of Hol i 
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“This can also be illustrated graphically by means of diagrams 





‘somewhat as follows: 











eek 
Ak Amount hydrogen 


Amount hydrogen in molecule of HCl . in a ton of HEL 
Molecule of ACT Fon of HCL 


| 
| 
‘The important thing is to show the pupils the usefulness of 


proportion in chemistry and where it links up with that subject. 
| | 
| To be sure, some of the applications in physics and chem- 





istry of proportion are more algebraic than geometric in nature, 
yet it does no harm and enhances the value of this unit in the 
lind of the pupil if attention is called to both the geometric 
pa the algebraic applications. 

| (4). Mixing medicines in hospital training. Girls who 
lonter hospital training report that the study of proportion is 
‘one of the most important of all their high school mathematics 
as they are called upon to dilute certain medicines at times 


which involves a knowledge of proportion. 
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(5)Prade school’. Trade schools, also, report that the 7 
similarity and proportion, as applied to triangles, has direct 
praetiest application in various trades. Of course all molding 
involves similarity. | 


(6) Graduating a violin. Of interest to those familiar 





with musical instruments is the "graduating" of a violin, the 
‘thinning of the wood so that the tone will be improved. Since 
this is a very delicate job, there must be some instrument to | 


magnify the thickness of the violin top. This is done through © 





avery simple device involving similar triangles. The drawing 


appears below. 








x <— weod 





Between the ends of the small line "x" is the wood to be thinned: 
this measurement is magnified at "x", The magnification is in 
ratio of “r* te "ss". 


ws 
M)>4 





The three quantities r, s and X may be measured, and thus x 


computed. The two triangles involved are similar because they | 


are equiangular; the two end lines being parallel. 





(7). The teeter board. The teeter board may be given as 


a good example of the similar triangle situation. As the 
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smaller child sits nearer the fulcrum, thus making a side of the | 











triangle smaller, the larger child describes a larger arc, | 


sitting farther away from the fulcrum. In the diagram below, | 


the dotted line shows the second position of the teeter board. 
































% 


Pris 


Y ro) mer & L - { J 
Ons Mots fs 
See 9 2w0 





D. Loci. 
Even though the subject has its difficulties, there is 
probably no more interesting a unit in geometry than that of th 
study of the loci. Here, and here along, geometry is truly in 
motion and dynamic. One might well recall Bert Green's cartoon 
in the moving pictures as one receives the idea of a moving 
point making a line on a surface, although Green obeys the laws 
of humor, whereas in geometry, geometrical laws must be followe 
One wonders about the future possibilities of this unit on 
the movirg picture screen in the class room with a Bert-Green- 
talented artist as designer. Properly motivated and carefully 


developed, the unit contains great possibilities of interesting 





the student. It is the purpose of this section to suggest such 
procedure. 

Of prime importance will be the order of teaching. First 
will come the conception of the locus, next the discovery, and 
finally the proof. First consider then, the development of the 
conception of the locus. 

1. Conception. Hassler and Smithl call attention to the 
above three parts in the teaching of the locus, and adds that 
much of the difficulty with this topic can be attributed to an 
impatient desire to get to the third part before the first two 


parts are thoroughly considered. 


1. J. O. Hassler, and R. R. Smith, The Teaching of Secondary 
Mathematics, pp. 360-365. 
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Je sib1it shows that there is real difficulty in teaching the 









locus by noting that the questions on loci, which have not been | 
especially hard, have caused the college’ entrance candidates 
more worry than any other questions, and have been treated more | 


unsuccessfully. 





a). General discussion. | 


(1). Neighborhood examples. Since loci problems and acti- 
vities are constantly in the life of the pupil, it is not | 
@ifficult to get familiar examples to illustrate the same. The | 
introduction to the subject might well be to discuss the 
neighborhood loci situations: the dog on the line; the cow | 
grazing in the field; all machinery in motion; or levers. There 
are innumerable situations, which will vary according to the 
locality in which the children live, to illustrate loci 
applications. | 
Interest may also be aroused by attention to the fly wheel | 
in the local pumping station. What is the path of a particular) 
point on the wheel at various places? What is the speed of each 
particular spot at the center, and at the extreme outer edge? 
This may involve the reason for the fly wheel and lead a little 
away from discussion of loci, but will be none the less valuable 


by linking to familiar and moving things. Which tieing is more 


advantageous for the dog? At the end of a rope attached to an 





iron bar, or at the end of a rope attached to a line around 








which the rope is looped, so that the dog may run from one end 





to the other end of the line? What is the locus in each case? 
I, Recent developments in the Teaching of Geometry, p. 225. 
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. ae 
(2). Tracing. Another place for the tactile approach is the 


learning of the locus exercises through finger tracing. With 
classroom material such as pen, pencil, eraser, pointer, the 
door, string and chalk, the paths of moving points may be 


illustrated. For example with pencil and string, or with chalk 


and string, the path of a point always at a given distance from | 


the center, the end of the pencil held stationary, is a circle. | 


Similarly the bottom point of a door describes a circle as it 
opens. Finger tracing may also be used to make real to the 
pupil the congruency of angles and triangles. Wooden models 
may be shown the class and the pupil may superimpose one 
triangle over the other and trace with his fingers the lines 


and angles which are equal. The point to bear in mind is that, 


in the locus picture, certain parts are to be still, and others. 


moving. 


All these exercises offer the additional sensory channels 


for learning, thus giving the pupil a greater chance of oseceney 


not only because of the addition of a sensory approach but 
because the tactile sensory approach may be the approach which 
is best for the pupil. The importance of learning through the 
hands has long been recognized. Maria Montessori! noted it in 
her book in teaching the children to write; it is one of her 
teaching activities which is generally accepted by educators 


as being a real contribution. 


1. The Montessori Method, p. 276. 
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(3). Classroom objects. The writer has used the swinging 
door, the opening book, and the disc eraser revolving around a 


fixed line as concrete examples in the classroom. 





(4). Loci and the movies. One writer! notes a likeness to 


taking pictures for the movies; there must be many pictures a 





short time apart and some of the objects in each picture are in 
action and others are still. Thus, in the movies the houses 


are still, and the hero active. 





(5). Loci and the algebraic graph. In geometry the line 
may be still, and the path or locus of points at a certain 





distance from the line will be moving. The teacher can dot 
these points.as they are determined. These may be linked up to 
the graph in algebra which is really a locus of answers as the 


conditions vary according to the horizontal and vertical axes. 





(6). Loci and solid geometry. Mary C. Wilt® notes that 
this conception of loci can also be strengthened by entering the 


realm of solid geometry in the finger tracings of the locus in 
room problems. Thus, the problem of finding the path of a point. 


equidistant from two parallel lines becomes, in solid geometry, 





1. Hassler and Smith, loc. cit. 


2. Teaching Plane and Solid Geometry Simultaneously, The 
National Council of Teachers of Mathematics, The Fifth 
Yearbook, 1932. p. 66. 
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‘the problem of finding the path of a point equidistant from two | 





parallel planes. Similarly, the bisector of the angle becomes, 


‘in solid geometry, the plane which bisects the dihedral angle. | 
| All the introduction in this loci unit may be concrete not | 


‘only in the classroom constructions, discussions, and demonstra- 
tions, but also in the assignments which may consist of con- | 
structing loci, with no attempt at proof. 
b). Assignment. Urging the pupils to bring in their om 
loci problems, with constructions, helps to get interest. In 
‘the teeter board, both riders follow the path of an are of a 


! 
circle either descending or ascending. All weight pans follow 





a similar path. The lever with the weight and force again both | 
follow circular motions. Draw all these suggestions out on the 
beara at the order of the class. The teacher suggests the | 
‘situation, and the pupils direct the solution. 
| (1). Objects and materials along lines of individual | 
interests. Here is a chance for individual interests. The boy 
interested in aviation may bring in examples and make drawings, 
illustrating the locus of points traced by the end of the 
airplane propellor, both when the airplane is at rest, or in 
ao tLon in a straight line. The boy interested in mechanics may 
bring in loci examples in connection with wheels of automobiles 
and trains. Any example suitable to the interest, up-to-date, 
and familiar, will be worth while. 

| Here, as in other places in geometry, an orderly setting 


down of the work will go far toward making success. The unit is. 
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‘Designs in colors may be encouraged and hung up on the bulletin © 
board or placed on exhibition. The pupil's originality and | 
ingenuity may have free play. For those who are book-minded, | 
nore difficult special problems may be found, and this group way 
present these problems to the class as their contribution to the. 
unit. 

(2). Loci and mechanical devices. Manual training boys ny | 
rig up and bring in apparatus which will illustrate the locus, , 
such as the lever, balance, wheel, etc. The physics laboratory | 
will generally have a model engine with an eccentric which may 
be brought down and studied. Automobile gears, milk separators, 
Linea any apparatus which may be put in motion, may be contri- 
buted to the class. Thus, the subject of loci may become a live, 
understandable, and liked topic. 

2. Discovery. 

a). Loci and design work. Provision for individual 





differences may be in the providing of more complicated loci | 
drawings involving an increasing number of conditions to sutiotyd 
Thus, the requirements may be. to be a certain distance from two. 
parallel lines and to lie on the perpendicular bisector of 
another line (equidistant from two points) and to be a certain | 
distance from another line. Teach the pupils to think about 
only one difficulty at a time in construction. 

| b). Loci and chemistry. Linking to the sciences may be 
accomplished through analogy by noting the various tests. Iodine 
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is a test for starch used in biology or chemistry. All starches, 
react to iodine; all points are good points. No other substance 
except starches react to give a purple with iodine; no other 
point is a good point. Various tests may be cited and related 


to give as illustrations, 


c). Significant questions on applied loci. William Betzl 
suggests the following questions; ' 


"Where are all the houses that are located one mile 
from your school building? 

What is the path described by the door knob as you 
open the door? By one corner of the cover of your 
book as you open it? 

When you open the drawer of a desk, what is the 
path of one of its moving corners? Of its edges? 
When a street car travels along the tracks, what 
is the path of the center of one of the wheels?" 


Arthur Schultze suggests:2 


"What is the locus of one end of a stretched string, | 
if the other end is fixed, and both ends are on the | 
surface of a table? If only the moving end is on 
the table?" 


Hassler and Smith suggest: 


“What is the path of the tip of a revolving airplane 
propeller; engine going; plane stationary; plane 
going forward in a straight line? | 
What is the path of the spoke of a car wheel moving | 
along a straight level track? | 
What is the surface over which a cow grazes?" 





William Betz4;: 





"A study of machinery in action can be made to suggest 


1. The Teaching Of Intuitive Geometry, The National Council of 
Teachers of Mathematics, The Eighth Yearbook (1933). p. 114. 


2. The Teaching of Mathematics in Secondary Schools. pp. 218-224 
3. Hassler and. Smith, loc cit. 








4. William Betz, loc, cit. 
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"runctional ideas to any pupil of average intelligence. | 
For more ambitious minds, it is perfectly possible to 
include a few of the higher plane curves. Thus, as a | 
wheel travels along the ground, what is the path 
described by a point on its rim?...."1 


5. The proof. 


a). Hand work precedes the abstract. Teach the pupil to 
think of only one difficulty at a time in the locus proof. 




























| 


Separate the problem into the various parts as suggested hereto- 
fore, making the pupils aware that this separation can be made, 

A practice and discussion on these parts are helpful. Pupils | 
will vary in their power to visualize, but all will be helped 


by the constructions. 





Needless to say the formal definitions and the abstract | 
part should follow the concrete and hand work. Learning through| 
muscular movement, through finger tracing, through eye stimuli 
vivified by colors, or various dotted lines, should all precede 
the proof of loci. | 
Perhaps the more practical applications may come, from the 
discovery by the pupil, that graphs may be traced by obeying thel 
rules, and that various figures such as circles, parabolas, 


hyperbolas, and ellipses are derived from paths of moving points 





which represent loci problems. The aim is to make the subject 


understandable, interesting, and of practical use to the pupil. 





Newspapers sometimes in the Sunday supplements have dots to be 
joined together to make pictures. These may be suggested to 
the pupils. 
























ecmeus ‘Letnt onnaye 79 ik . | 
ot eldleeog yiseettec sist ee m Bs 

eee ,2udT .sevayo emelq t9fig t ‘edd 20 wel 6 ol 
| digea 9: dt at dadw .omwory edd gnols eleva 
| {*,...9mia agt ao” satog 2 io bed Es 


oF 


ehoorg 91 iT 


og Iigqusug add dose? eJssiteds edi aebese 1g axon pas te 


-loorg esool edd al smtd s gs yiinolttib ego yla 20 



























-cteted beteenave es etusq suoftisy edd ovat me dog ents vn 
| gobsa ed aso colssitaqee eldt gedt etews aifiquq edt ante Se 
wtcler ets etaeq esed? ao motezesoetb bane eotds 
seqied ed fflw fle turd ,esilevelv o35 tewoq afeds at prev J 
-anoiourtemcs ex 

topitede ed? bane anottintiebh Inoarret-endd yse og rer 
inyords soataxsed tx0ow Deed bop etejyonoo ent wollot ieee 
ane 

fumite eye dusotdd ,gatostd tegal? agsotds pac rele. 
eheoetq [fis blyondz ,eenti beisob asofasy so ,et0Lo0o vd bottt viv 
stool to {org © 

edit motl ,emoo Tau enol? extiqg 2 laeotiosiq exom ont eqarived 
edt aniyedo yd pbeoats sd yem adgedg send yiiqug 4 
,2a8lodeisq ,seloaio es dose sempgilt exotisvy jady pme y: 
detatog watvom to eritag mort bevineb exs ceeagiiie 
tostdvea odd exam o¢ et ate od? .cmafdorg fool ie) do beh 
slitguq ed¢ of oer fnotinkiee to bas ,3atieetetat .2idebanda 
ed oc etoh evad etnomelaque yeabas2 ods al gent vemos eed 


iy os 
:= 


ot beteengre od yam esoenT »2omtoly exam od aerdegod Dem 


ss ne? 
| Sereay 
~sliaue 





-150- 





BD)» Organization of work important. The problem of teaching 
loci is not a problem of approéch, but rather a problem of 
disentangling, and making clear the various skeins bound up in 
the locus statement. Schultze! calls attention to this when he 
lines up the work as follows; 

1. Theorem. II. Converse. 

Every point in the Every point that is 

line is equidistant. equidistant lies in the 

line. 

III. Opposite. IV. Converse of Opposite. 

Every point without Every point unequally 

is unequally distant. distant is without the 

line. 

A clear idea by the teacher of the many pieces of work to 
be done by the pupil in proving the locus will make it possible 
to show the pupil the task ahead. The writer agrees, however, 
that the proof should not come at the start. 

Phrasing the statements in language which is readily under- 
standable is also of value. The following is used by the 
writer: 

Every point is a good point. Every coin in the pocket is 

Every point satisfies the a penny. 

given condition. 

No other point is a good No other coin outside is a 

point. penny. 


No other point outside 
satisfies the condition. 


Thus there are three gradations of statement in an effort to get 


clarity. The effort ts to make the points objective, make them 


pennies; make them petals of flowers strewn along the path; make 


I. Arthur Schultze, loc. cit. 



























































anidose? to msidetq edt wise os tow to 10. ides tr 
to mefdorq es teties dud (aoaomgge Bo ae [dor & Send a fool] 
| ' ” ; 
| af qy Davsoc entete evoiasy end tesla gciiem bee ant ionesneaipy 
| 
i wedw ef ot noljnette afleo fesdiudo® .tmemedete auool edd] 
:ewolfLotd ex amow edt qu venti} 
.satevacd .it emetoedT sf 
| al tenis tatoq ¢isva edi of dniog yrtevil 
| eft at aeli tastetbigps ~Inetelbivuos el eali 
oft £ | 
; | 
| .e¢leonad to srevaeoyd Vi »etileoggo ell 
7i Saespers 2g YIseve juodiiw Jated yisvi ; 
it gworigiw af tnetaib ednedelo yifeupens ef 
ont f 
| cot utow to aeoscly yoem edd Io redoesd odd yd Bebt aeeld A 
eidtzeoq tf exes iw 2sool edt anivorg at figqua edd yd snob ed} 
~revewod ,ase red ity if sede Meas oft LItqugq edd wore od] 
date eud te emoos ton bivoda teote sad Jans} 
I 
-tsbays yilbse »iriw ensrygnsetl ai etnemetate ody anileastAg 
env yd u elf ynatweollot edt .eufsavy to coals ef esidsnasic 
stot inw 
af og ri mios ¢reve eJnfog Boon 8 ai gatog yrevd 
Unaed 6s odt eelttettae totlog yteva 
1olsipnoos nevig 
| teda tendo of bc0g3 8 ef tutoc retito of ff 
~yaneq tatog } 
| ebiladuo imieg re6ento of 
-roltipnos edd set teliee 
eg ot droits ae af tmemededa to senoljsbsig seidd eis siedd aga 
ity: sm ,evidoeido atntoq-ent exam od ef dxotte eft .ydeteetol 
2 :(igeg edd saois aweate evewolt to-elsetec nedd etiam ;esianeq) 








at ial esis uv 1m 





-15i- 




















able to him. 


Conception. 





Construction. 
4 
5 





2. Hassler and Smith, op. cit. p. 360. 


them anything which is interesting to the pupil and understand- 


4. General suggestions. Following is a topical list of 


suggestions by the various writers: 


I. George H. Selleck, Loco phobia--Its causes and cure. The 
Mathematics Teacher. (November, 1929). pp. 382-384. 


Hassler and Smith, loc cit. 


————— 


An early beginning is necessary in study of loci. 
a. Definition in algebra, 
b. Graphs as loci. 
c. Begin early in geometry and keep it up all 
through. 
d. Reverse order of proofs to conform with 
the algebraic treatment of graphs.1l | 


Study locus in correct order: 
a. Conception of. 
b. Discovery_of. 
ce. Proof of. 





Pupil should first get the conception of a locus 
as the path of a moving point, thus focussing 
on the path rather than the point.© 





| 

First have pupil familiar with the language | 
exercises and theorems through manipulation | 
with rulers and compasses and with accompany-_ 
ing discussions. Final procedure is the | 


proof .4 


First plot the locus point by point, until a wise 
guess of the path can be made. Refer to 
moving pictures where many pictures show 
slight changes. In locus problems many points 
have only slight distance between. In each 
situation are certain fixed things: in moving | 
pictures certain houses and trees are station- 
ery; in loci problems, certain direction lines 
and points are stationery. The fixed things 
should appear first.5 





XXII) 





Hassler and Smith, op. cit. p. 362. 
Hassler and Smith, loc. cit. 
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a. Path of circumfefence of disc eraser whose 
center follows a rectangular box lid. 

b. Path of a pencil attacHed to a stick, the 

Construction. end of which constantly touches the circum- 

ference of a’ circle. 
Path of the vertex of the carpenter's square, 
point of one side remaining stationary, and 
the square revolving about it.l 


Require definitions only whén.actually needed.” 


Distinguish the various loci by means of colored 
chalk or dotted lines.° 


Connect with solid geometry.4 
Do not ask for too many things at a time. Have 


pupil prove aly the predicate. Give the subject 
with modifiers. 


The one-way proof is generally sufficient. © 


The proving of a. locus involves four theorems.7 


Use numerous original exercises.®, 


jl. E. B. Woodford, Teaching Locus Concept in Plane Geometry, 
The Mathematics Teacher. XXVI, (February, 1933). pp. 105-106, 


Hassler and Smith, op. cit. p. 360. 
Arthur Schultze, op. cit. p. 225. 
Arthur Schultze, loc cit. 

Hassler and Smith, op. cit. p. 361-362. 
George Selleck, op. cit. 382-3584. 
Arthur Schultze, op. cit. p. 219. 


Arthur Schultze, loc. cit. 
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tal principles are at work for successful teaching of loci as 
for any other unit. There must be the correct auditory and 
visual image--the conception; correct practice, the construc- 
tion; and the difficulty taught in isolation as exampled in 
Schultze's lineup of four tasks which must be separately 
considered. A correct conception means a favorable altitude 
toward learning; construction work means learning through the 


eye, ear and hand; while the careful separation of the difficul 


ties call for nicety of organization. With these principles 


working in proper order, success should come. 





ee 


ral 


. 
a 
ws a 


4 





-154- 








PART IV. 
GENERAL METHODS. 


A. Organization and Continuity. 
1. Importance of Grouping. That writers have sensed the 


importance of the teacher calling attention to grouping of 


propositions is evident from the quotations given below; 
a). Viewpoints of writers. 


"This article does oppose memorization and produc- 
tion of single detached proposition proofs. Should we 
discard these, we can spend more time in trying to 
give the pupil some idea of what geometry is and in 
treating his understanding of the relationships among 
the propositions.... 


"If the great basal theorems are selected and 
effectively organizec into a logical system, consid- 
erable reduction can be made in the number of 
theorems given...."2 


"After the selection of appropriate material, the 
next problem in redistribution is its effective or- 
ganization and control. The essential points to be 
considered are sequence, grouping, generalizing, and 
method of development....1t is important to group 
the material in units on the basis of a key proposi- 
tion or a fundamental concept...."95 


"Regardless of the text, it is essential that 
the teacher emphasize the worth and importance of 
the significant and group related theorems, and 
generalize closely the related groups in practice."4 


I. Aaron Horn, Book Propositions in Teaching Geometry, The 
Mathematics Teacher, (XXV), February, 1932, pp. 76-78. 


2. The Reorganization of Mathematics in Secondary Education, A 
Report of the National Committee on Mathematical Require- 
ments. 1925, p. 54 under the auspices of the Mathematical 
Association of America, Inc. The Mathematical Association 
of America, Inc. 


5+ Gertrude B,Allen, An Experiment in Redistribution of 
Material for High School Geometry, The National Council of 
Teachers of Mathematics, The Fifth Yearbook, (1930). p. 8l. 


4. Gertrude E.eAllen, Reorganization of Course of Study for 
Senior High School Mathematics, The National Council of 
Teachers of Mathematics, The Second Yearbook. (1027) 5 PBs. 
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Walter H. Blaisdellt notes that the function of the mathe- 


| 
matics teacher is to unify and correlate the material of the 





past, present and future. There is danger of the student con- | 


centrating on the particular lesson that he will not practise 





on the relationships between the parts. 

Thus have these writers called attention to the importance 
of organizing around certain principles, giving the concepts 
certain associations. This attempt involves getting a richer 
and more varied setting for the central school subjects, and for 
grouping with the world contacts. 

The Committee on Geometry with Professor Ralph Beatley*, as 
chairman notes the non-existence of grouping of propositions in | 
text books as follows; "Some text books reveal the logical 
structure of individual theorems by means of analyses preceding | 
the synthetic proofs. Almost none call attention to logical 
chains of propositions." 


It seems to the author to be of extreme importance to show 





the pupils how one proposition is necessary to another. The 
class should know the reason and should be reminded of the 
relationship between the propositions, 

b). Advantages. Not only does the pupil retain the proposi-_ 
tions in mind better because of their relationship when they are 


organized, but the work is also more interesting because the 





pupil can see the significance of the particular step as it 
I. Daily Testing, The Mathematics Teacher, (April, 1953) XXVI, 





pp. 227-234, 
2. Second Report of the Committee of Geometry, Presented to the 
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builds into the finished whole. All learning is easier if it 
is properly phrased together. Music has its phrases. Pupils 
are encouraged to write these groupings in their note books. 

2. Illustrations. It is the purpose of this unit to cite 
an example of grouping in relation to the area of the quadril- 
ateral and to note an applied problem. A family of quadrilater- 
als is noted on pages 53 and 54 of the thesis. Further examples 
involve groupings through double identities. 


Following this, the kindred topic of Continuity is 





considered. Here is noted the opportunities for the use of the 
principle of continuity together with graphic work showing an 
illustration of one of these principles at work. 

a). The Area of Quadrilaterals. Below is a suggested order 
of steps to be taken in the consideration of areas. The initial 
premise, the start, must rest on definition of experiment in 


measuring. The tesk is to go from the known to the unknown, 





from the familiar to the unfamiliar. This is accomplished by 
making that which is unfamiliar familiar. The new case links 
up under the old. The procedure is from the rectangle to two 
right triangles. From two right triangles are made two general 
triangles, and from these latter are made either the parallel- 
Ogram or the trapezoid, according as the triangles are congru- 


ent or not. The tabulation and diagrams follow; 
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KNOWN to UNKNOWN 
Area of rectangle Area of right triangle 


equals known area, by 
making the right trian- 
gle one-half of the 
rectangle, the known. 


Area of right triangle Area of any triangle may 
be figured, because any 
triangle may be divided 
into two right triangles, 
the known. 


Area of two equal Area of parallelogram 

triangles. Special may be computed because 

case of the following. the figure consists of 
two equal triangles, 
known. 

Area of two triangles, Area of trapezoid may be 

not equal. found by noting that the 

General case. trapezoid consists of 


two triangles not neces- 
sarily equal, known. 


A third method of representing the relationship between 


areas may be graphically as follows; 





(1)}. Graphic representation. Below is the graphic repre-- 





sentation. 
A 
arallelogram equals 
2 triangles. 
Right Any 
Rectengts Triangle Triangle © 
1/2 is 2 rt. 
Rectangle triangles. 


Trapezoid equals 
2 triangles. 
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(2). The applied problem. Finally the applied problem will 





serve to retain the interest and link with practical procedure. 
How would you find the area of the baseball field, the hay 
field, the tennis court, or the common? 
To do this you must know the areas of certain figures in 
plane geometry, namely: 
A. Rectangle. 
B. Triangle. 
C. Parallelogram. 
D. Trapezoid, 


The method would be to divide the various areas into the 





above figures. 
The work preceding was to help you in finding the areas of 
these figures and to show you how to get from one figure to 


another without memorizing the area of the new figure. 








In the above figure to get the total area add the areas of 
the various parts together. The triangles may be measured for 


base and altitude, thus getting the area. The trapezoid may be 
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measured for its Dawes and altitude, ‘thus eeVvine —er area, It 


is further shown that any straight line area may be divided, so 





that these figures will appear, and by adding the various areas, 
the total area may be found. This is of practical advantage 
in field surveys where the field is an odd shape. In other 
words, any straight line area may now be found. It does not 
hurt to tell a little in regard to calculus and show that with 
curved figures the method is to make the triangles so small 
that any tiny part of a curved outline approaches a straight 
line. 

b). Double identities. 

Altitudes may be made perpendicular bisectors of another 
triangle. Therefore, if the perpendicular bisectors are con- 
current, so are the altitudes. 

Medians may be made diagonals of a parallelogram. If the 
diagonals intersect, so do the medians. 

Isosceles triangles are special cases of equiangular tri- 
angles. Therefore everything true of the isosceles triangle 
from the equality standpoint is true of the equiangular 


triangle. 





3- The Principle of Continuity. 
a). Opportunities. J. Shibli calls attention to texts 


which have begun to illustrate this principle of continuity.1l 





"In the study of geometry it is some times possible 
to consider a group of related theorems as special cases, 
and to formulate a general statement which includes them 
all. For example, after studying the various cases of 


. Recent Developme Developments in the Teaching of Geometry. 1952. pp. 
227-228. 
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congruence the pupil is led to discover the general prin- 
ciple that any triangle is uniquely determined if three 
independent parts are given, except the ambiguous case 
where the determination is not unique, but double, since 
two triangles are possible. The Pythagorean Theorem may 
be regarded as a special case of the general principle 
concerning the relations of the squares on the sides of 

a triangle. The square on the side of a triangle is less 
then, equal to, or greater than the sum of the squzres 

on the other two sides of the triangle, according as the 
angle opposite the first side is acute, right, or obtuse. 
If two sides of a triangle are held constant, but the 
included angle is made to vary continuously from near 
zero degree to a right angle and then up to 180 degrees, 
the square on the opposite side will vary continuously 
without any abrupt changes. Because of this continuous 
change the principle under consideration has been called 
the Principle of Continuity.+ Another interesting gener- 
alization combines e group of theorems on the products 
of the segments of two intersecting lines that cut or 
touch a circle.* The most interesting case of generali- 
zation is that of the measure of angles by arcs. The 

two lines forming the angle may meet inside the circle, 
on the circle, or outside the circle; they may both be 
chords, or both secants, or both tangents, or one secant 
and the other tangent. Schultze suggests the development 
in the following statement:5 

'If we consider all arcs as positive if the moving 
point travels over them counter-clockwise, and as nega-~ 
tive if the moving point travels over them clockwise, we 
may summarize all theorems relating to the measurement 
of angles as follows: An angle is measured by one half 
of the algebraic sum of the intercepted arcs.' 

'The principle helps the pupil to a better under- 
standing of the proofs of the theorems on special cases 
and their relations to each other. Without this gener- 
alization the pupil may understand the individual proofs 
and yet fail to see the property common to them all and 
their relationship to a single unit. When instruction 
in geometry rises to this level of training pupils in 
generalization, critics will noi longer deny it the 
power to transfer to other fields of activity, and 
perfection." 


Le Je Shibii, loc. Gi be 



















2. F. P. Hennessey, The Principle of Continuity,The Mathematics 
Teacher, XXIV (January, 1931). p. 37. 





5. Arthur Schultze, The Teaching of Secondary Mathematics,p. 184 
f. ds Sululit. Toc. elt. 
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F. P. Hennessey+ cites 





(1). The Trapezoid and Triangle. 
the case of the relationship between the trapezoid and the 









triangle. A line parallel to the base equals one-half the sum 








of the bases, if it bisects the opposite sides. In the 


triangle there is no upper base. 





That is, the base is zero, 


but the rule still holds. 


(2). The Pythagorean Theorem. E.R. Breslich® notes that the 








Pythagorean proposition is a special case of the relationship 


of one side to the other two, where the projection is zero, 


and therefore the product "Twice the projection of one side by 
the other upon that side" disappears, since one factor of the 


product is zero. 






(3). The Product and Mean Proportion Theorems. Based on 


similar triangles which are proved equiangular. After getting 









triangles similar, usually by proving them equiangular, all 
the product propositions and mean proportional propositions, 
where lines are chords, tangents and secants, are simply 


examples of similar triangles, where the sides of the triangles 








are also chords, 





secants, and tangents. Most of the proposi- 







tions are solved by means of proving triangles similar through 





being equiangular, and the angles are generally proved equal 






through equal arc measurement. 





(4). The angle and circle. General case of angle as 


measured by one-half sum of arcs. Angle at center--arcs equal, 






l. The Principles of Continuity, op. cit. pp. 32-40. 


2. Demonstrative Geometry and Functional Thinking. The Nationa 
Council of Teachers of Mathematics, The Third Yearbook, 
1928, p. Sl i=. xx)... 
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Another opportunity for grouping is found in the angle with 
the circle, where the measure is always the sum of the inter- 
cepted arcs. 

(a) Angle= 1/2 Sum of arcs--At center--Special case where the 


arcs are equal so we can say one whole arc. 


A 


X Ll mer A(R+¥) or A X+R) 
Alas ee) = X 
(b). Angle on circumference--one arc zero. On circumfer- 
ence. Special case where there is no arc on one side, so one 


arc is zero. 


x 


(c). Angle inside circle--general case. At any other place 


inside of circle the rule holds as above. 


y eek RF) 


(d). Angle outside circle--one arc negative. Outside of 


the circle. One arc becomes negative, so the sum is the sum of 


a positive and negative quantity, or as we say the difference 


of the arcs. The rule holds if we consider one arc of negative 


value. 
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B. Methods of Proof. 


1. The methods of analysis and synthesis. Much has been 


written and many are the ideas in regard to the various methods 





of proof in geometry. It is not the purpose to enter the con- 
troversial field of this question but rather in this unit to 
give a brief description of the several methods and to note some 
of the advantages and disadvantages of them. Among those 
considered are the methods of analysis and synthesis, and the 


heuristic, the inductive, and the indirect methods. The unit 


ends with a statement of the method most used and best liked by 


the writer. 

a). Comparison by contrast. First, consider the two methods 
of analysis and synthesis which may best be described by con- 
trasting them. Comparison in this way shows that they differ 
principally in the order of steps. The-analytic, assuming the 
proof, works from the conclusion back to the hypothesis, while 
the synthetic works from the hypothesis to the conclusion. 
Schlauch! shows the analytic method in a general way when he 
cites the steps as follows; 

"TI can prove X if I can prove Y, 
And I can prove Y if I can prove A, 
But I can prove A if B is true. 
1 have already proved B; 
hence I can prove x." 
Another way of stating the contrast is by tabulating. 
Analysis Synthetic 
From the unknown to From a known to the 
the known. unknown. 
I. W. S. Schlauch, The Analytical Method in the Teaching of 


Geometry, The National Council of Teachers of Mathematics, 
The Fifth Yearbook. XXXI (1930) p. 1355. 
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Conclusion to Hypothesis Hypothesis to conclusion.! 





Considerating the theorem "If a line bisects two sides of a. 


riangle, it is parallel to the third side and equal to one-half 


f the third side." Schultze analyzes as follows;2 
b). Sample theorem illustrating the analytic method. 

"Tl. The usual method for proving that one line 
(ED) is one half of another (BC) is to double the 
smaller. Hence we produce ED by its own length to F. 

"2, Prove EF2zBC, and EF/BC. There are several 
methods for proving the equality of lines, and 
several others for proving parallelism of lines. 

Only one, however, proves equality and parallelism 
simultaneously, viz. the one based upon a parallelo- 
gram. Hence we attempt to 

"3. Prove that BCEF is a parallelogram. There are 
again various methods of demonstrating that a figure 
is a parallelogram, but since nothing whatever is 
known in regard to BC and EF we have to use the sides 
BF and CE exclusively, i.e. we have 

"4. To prove (a) BF4CE and (b) BFSCE. 

"(a) The fundamental method for demonstrating 
parallelism of lines rests upon the equality of a 
pair of alternate interior angles. Hence we have 
to prove 

"5.ZA= DBF." 


« Arthur Schultze, op. cit. p. 30. 






- Arthur SchultZe, op. cit. p. 33. 
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c). Graphic representation of the method of analysis. The 
writer has found especially effective his own method of combin- 
ing the proof by analysis with a graphic representation which is 


usually a mountain drawing, which follows; 
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The Fifth Yearbook? contains an article on the method of | 








analysis with several illustrations, 
Schultze2 describes and evaluates the two methods of 


synthesis and analysis as follows; 
d). Description and evaluation of both methods. 
mis. - j) - ~ ~ fealyel 


Synthesis Analysis | 


Method of concise and Lengthy. 
elegant presentation. 

Not elegant. 
Shows why each step is 


true, but does not show Accounts for each 

why it is taken. step in demonstration. 

Does not reveal real plan. Only method by which 
students can hope to 

Does not tell why this discover proofs or 

sequence of arguments. rediscover them if 
forgotten. 


Not discovery by this 
method. 


If forgotten, hard to 
reconstruct. 


2. The heuristic method. 
a). Advantages. Turning to the heuristic method, Schultzes 


cites the advantages and disadvantes as follows; 


Advantages 

1. Pupils think for themselves--not merely listening 
for information, 

2. Acquire a real understanding of the subject--can 
reconstruct it--understands all the difficulties-- 
a listener does not-later cannot reconstruct. 

5. Pays attention because interested and therefore 
becomes successful. 

4. Teacher in complete touch with class, 

5. Home study less heavy. 


b). Disadvantages. 
1. Slow, especially at the beginning. 
I. W. S. Schlauch, op. cit. pp. 134-144. 


2. Arthur Schultze, op. cit. p. 36. 
5. Arthur Schultze, op. cit. pp. 45-46. 
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More difficult for the teacher, not simply text--seek 
devices for purpose of leading students--must modify 
for different students. 
3. Must have skill to know how much to expect from pupils. 














Se 





The inductive method. 








a). Example. An example of the inductive method is given 






by William Reevel. 





Discovery of n-2 straight angles as the sum of the 
interior angles in a polygon. Building a table. 













Type of No. No. Sum of angles Sum of angles 
Polygon sides triangles of triangle of Polygon. | 


- 


Triangle 5 1 lst. angle (3-2) st. angles. 
Quadrilateral 4 = lst. angle (4-2) st. angles. 
Pentagon 5 3 lst. angle (5-2) st. angles. 

















b). Seldom used. Although this is a valuable method 





generally, in geometry there seems to be but few places where 


it can be used. It has the advantage of statistical proof, 





where the characteristic procedure is to prove the proposition 











by considering a number of cases. For instance, in establishing 


the geometric law for the sum of the interior angles in a 
















polygon, various kinds of polygons are considered, such as the 
triangle, quadrilateral and pentagon. 


4. The indirect method. 





a). Contrasted with the analytic. Turning now to the 
indirect method of proof, we find that though it is not often 


sed, it is of great value in the propositions which do require 





t. Writers describe and evaluate it as follows; 








Demonstrative Geometry for the Ninth Grade" The Mathematics 
Teacher. XXVI, (March, 19335) p. 161. 
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== ———————————————————————————— 
The indirect method of reasoning is the method employed 
| in everyday life. It may be contrasted with the analy- 
tic method in that each method starts from an assump- 
tion and draws inferences from it. In the analytic | 
method, the assumption is that the conclusion is correct, 
| and inferences are drawn until a known fact is reached. 
In the indirect method, the assumption is that the 
conclusion is not correct, and inferences are drawn 
until a fact is reached which is known to be true.l 








b). Example. An example is the proposition that "If two 


|parallel lines are cut by a transversal, the alternate interior 





angles are equal. 
| 1. Assume the angles are not equal. 


2. Draw a line making them equal. 


35. This line is parallel. 





4. It must coincide with the first line. 
| In teaching the indirect method it is important to make the 
procedure as definite as possible and to give the pupil ample | 


opportunity to learn it in simple cases. 

c). Place in text. | 
An indirect proor is more abstract than a direct proof. 
For this reason it is well to choose a sequence of 
theorems that will allow a postponement of it until 

the pupil is_well grounded in demonstrations of the 
direct type. 

a). A valuable reference, 

! The Fifth Yearbook contains an article on the indirect 
method which is quite complete.® 





The writer uses the graphic representation of various roads 





branching out from the main road as an illustration of the 
indirect method. In the unit on the isosceles triangle is an 


example of this procedure. 


I. Ernest R. Breslich, Problems in Teaching Secondary School 
Mathematics. pp. 296-299. 


2. JoO.Hassler and R:R.Smith, The Teaching of Secondary Mathema- 
tics. pp. 356-357. 


3. ey bn B. eat an The Use of Indirect Proof in Geometry and 
C 
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5. The most valuable method. 

a). Advantage of analytic over the synthetic. In the 
writer's experience the most outstandingly useful method is 
the method of analysis combined with graphic representation. 
It is used by him in the majority of the theorems. To go at 
once to the conclusion, and devise means of constructing the 
links between the hypothesis and the conclusion, arouses the 
interest of the pupil, and encourages him to join the two ends 
of the line, the hypothesis and conclusion, together. With 
synthesis, he ventures into an unknown and uncharted course 
with none too definite an idea of where he is going, while in 
the analytic method he can hold both ends of the line which 
gives to him a feeling of assuredness not derived in the other 
method. The conclusion waits for the pupil with a helping 
hand. It is like a friend on the other side of the stream; one 
can cross more easily and supply the stepping stones with 
greater alacrity if one knows his friend is waiting for him at 
a definite place, where one can see him. This idea of the 
helping hand is brought out in the example of the mountain 
graph where the conclusion holding the rope pulls the chain of 
climbers up from peak to the peak while the conclusion waits 


at the top. 
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C. Provision for Individual Differences. 











le Types of students. It is to be remembered that not all 





pupils are motivated by the same stimulus. The pupil should be 


given that stimulus which will motivate him into activity. In 









one, it is mental activity in connection with some problem to 








be solved; in another, creation; in still another, it involves 





a hand activity such as drawing, painting or constructing; or 




















again it may be expression by composition. The main fact to 
keep in mind is that the pupil should be given an opportunity 


for expression, with an audience situation, and that the form 





of expression should be along the line of his natural interests 


and capacities. Thus growth will be achieved through natural 








activity. 






a). Four groups of users. In this connection The Commissio 
of 1920 states:1l 





",..the committee believes that, speaking generally, 
introductory mathematics, ordinarily conceived as sep- 
arate courses in algebra, geometry, and trigonometry, 
should be given in connection with the solving of 
problems and the executing of projects in fields where 
the pupils already have both knowledge and interest. 
This would make the study of mathematics more nearly 
approximate a laboratory course, in which individual 
differences could be considered....The minimum of the 
course might well in this way be cared for in the 
recitation period, reserving the outside work rather 
for allied projects and problems in which individual 
interests and capacities were prominent factors." 











"The committee considers that four groups of users of 
mathematics may be distinguished; 
(a). The "general! readers', who will find their 





I. A Report of the Commission on The Reorganization of Secondary 
Education, Appointed by the National Education Association, 
The Problem of Mathematics in Secondary Education, Bulletin, 

19290, No. 1, pp. 12-135 
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"use of mathematics beyond arithmetic confined 
largely to the interpretative function. 

(b) Those whose work in certain trades will make 
limited, but still specific, demand for the 
‘practical! use of mathematics. 

(c) Those whose practical work as engineers or as 
students of certain sciences require consider- 

able knowledge of mathematics. 

(ad) Those who specialize in the study of mathema- 
tics with a view either to research or to 
teaching." 





Several studies have been made to investigate individual 


‘differences among boys and girls. As would be expected, boys 





are more interested in construction exercises than girls. How- 
ever, the studies seem to show that the range of differences 


between either boys or girls is greater than between the two 





sex groups.@ 


2. Differing assignments. Johnson® writes of three levels 


of achievement as follows: 


a). In quantity and quality. 
C student~-100% requirement for minimum mastery. The 


aim is information, social and mechanical, 

B student—Preparation for future mathematics and 
sciences. 

A student-Near genius pupil in this group. Those able 
to present original solutions. 





He calls these levels successively mechanistic, thinking, 
and high mental level. B and A are college materiel. He 
suggests that brighter students are to go deeper into a 
topic, rather than further along in new topics. Differen- 
tiation is to be on the basis of quality rather than 
quantity. 


I. A Report of the Commission on The Reorganization of Secondar 
Education, loc. cit. 


2. H. E. Benz, A Summary of Some Scientific Investigations of 
the Teaching of High School Mathematics, The National Counci 
of Teachers of Mathematics, The Eighth Yearbook, 1955,p.29-30, 


5. J. T. Johnson, Adapting Instructional Material to Individual 
Differences in Learning, The Mathematics Teacher, XXVI 
(AppDl, 1 SSS Topp) olSS<10S9 (Tiss tl ca, The Tien 
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In general it might be well to afford opportunities some- 
what as follows: 


Better Pupils Poorer Pupils 


Less.drill. More hand work, 

More provlem work, More construction. 
Harder problems. Easier exercises. 
Lead in suggestions. Easier propositions. 
Lead in corrections. Easier questions. 


More drill. 
More board work on 
construction. 

Follow-up after the 
brighter have paved the 
waye 


b). In interests. At the start of the school year inform- 


ation may be obtained from the individual pupils in regard tc 








their special interests along mathematical lines. Various 
activities may be suggested and the pupils select the activity 
more interesting to them. This was noted in the unit on 
orientation. In case several pupils ask to make the same model 


or instrument; it may be made either by a group, or by the first 





one asking for it, or by the one who will do the best job. 
Sometimes it is advisable to have each one make a model and the 
best model is then selected for class use. | 

On this and the following page is mapped a tentative list 
of interests, together with possible activities along the line 


of these interests. 


(1). Hand (2). Verbal 
Construction of models in Presentation of history 
manual training department, anecdotes, dictionary of 
such as, transits, facta terms. 

tors, solid models. Plays. 


1. George Wolff, The Mathematical Collection, The National 
Council of Teachers of Methematics, The Eighth Yearbook, 1933 
Ppe 216-265, 
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: =. a ee & ce’ 
Field measurements. Reports. | 
Explanation of instruments, Magazine articles. 

such as the carpenter's Biographies. 

level. Newspaper articles. 

(5). Art (4). Problem 
Drawings--Mechanical. Solution of more 

Posters. difficult problems. 
Arrangements of New solutions. 

exhibits. Recreations. 

Bullet Boards. Originals, 

Désigns-, Fallacies. 

Symmetry in Art Work. Puzzles, 

Pictures in Mathematics. 

room. 

Graphs. 

Coloring, 


Pantograph use. 

Construction of large 

figures on cardboard for 

drill use. 

Map of local community for 

office use. 

(5). Science. 

Photography. 

Physics and Geometry. 

Astronomy and Geometry. 

Apparatus getting. 

The above list of activities could be placed on the 
bulletin board and pupils sign for the ones in which they were 
interested. Of course the various names of the divisions would 
not appear, although the grouping might be kept as it is. That 
is, without the caption for hand-minded appearing, the various 
activities under this could be grouped for convenience of the 
pupil and the teacher. In this way the "we feeling” gained 
through contribution to the class progrees will create an 
attitude toward success and class unity. 


Ty A. Day renee? a meometey of Repeating Design and 
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.¢). Sensory approaches. Thus through individual work, 


the various sensory approaches are offered as avenues of 
learning for the pupil. The visual approach finds its fields 
in board work, charts, exhibits, and objective materials such 
as instruments, cardboard, and room objects. Those interested 
in dramatics and historical anecdotes may use the auditory 
approach. The tactile sense is required in all hand work such 
as designing, drawing, construction work, and making models. 
The more sensory approaches which can be made, the greater the 
chance for successful teaching; these approaches allow for indi 
vidual differences in pupils. They make the teaching stronger 
by repetition through the various sensory channels. They tell 
the story in different ways, keeping up the interest and not 
tiring the pupil. Children learn by handling and more than one. 


boy, who is unable to grasp ideas easily from the printed page 


or the spoken work finds in the hand approach of manual training 


away to success. In geometry this hand practice may come 
through folding, drawing, designing, collecting, measuring, 


making and tracing. 
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3. Vehicles for varying kinds of expression. Having 
noted that pupils vary in capacities, interests and purposes, 
and that provision may be made for this variation in capacity 
through different levels of achievement, and having noted 
further that opportunities for various interests can be listed 
for choice by the pupil, one may now turn to mediums through 
which individual differences may find expression might be 
listed as follows: 

The Mathematics Club. 

The Mathematics Room. 

Mathematics Exhibits. 

Field Trips. 

Manual Training Department. 

Bulletin Board. 

a). The Mathematics Club. In these days when so much 
stress is laid on the social activities of the pupil, and when 
it is pointed out that the happy, active pupil is the best 
citizen, the value of the mathematics club appears evident at 
once. It is the organization part of the various special 
interests of the geometry pupils. Here they have the fun of 
choosing officers, following parliamentary procedure, choosing 
their contributions and presenting them before an interested 
audience. Under this organization may well come the arranging 
of special mathematics features such as the decorating of the 
room, the arranging of exhibits, the planning for field trips, 
the cooperating with the manual training department and the 


taking charge of the bulletin board for mathematical news. 
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fhis unit considers the suggestions which have been made 








in various articles by writers on the mathematics club. It 
suggests briefly the naming of the club, the choosing of an 


| emblem, selection of officers, and then gives a number of 








suggestions for programs. The unit is left in topical form to 


aid the reader to quickly find the various suggestions. The 





program has been divided into the contributions which the ver- 
| bal-minded pupils, the hand-minded, the problem lovers, and 
the art-minded may take. 
(1) For the social-minded, 





Name--After a famous mathematics teacher. ] 
After mathematical figure. | 


Emblem--Geometrical figure. 1 


Organization--Faculty adviser--silent member. 
Officers--Chosen by the club. 2 


Speakers--Science teacher who knows astronomy elements | 
may give a talk on geometry and astronomy. 
a. Finding distance to stars. 
b. Finding speed of light. 
c. Eclipses and geometry. 
dad. Latitude and longitude. 


How can one find the volume of liquid in a tank partly 





\: 1. Marie Gugle and others, Reereational Values Obtained Through 
. Mathematics Club. The National Coucil of Teachers of Mathe- 
matics, The First Yearbook, 1926, pp. 194-200. 


The Mathematics 
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I. Marie Gugle and others, Recreational Values Obtained Throu 
Mathematics Club, op. cit. 


2. 


3. 


4. 
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Find center of circle at end of tank and radius. 

Find central angle and thus the area of sector which 

is 2 
560 

Find area of triangle. Two sides and angle included 

known. Formula for this area, 

Subtract area of triangle from area of sector and the 

result is the area of the segment. 

Multiply this area by the length of the tank and you 

have the volume of that part of the tank, © 





of area of circle. 





(2). For the verbal-minded. 


Biographical Sketch of some Great Mathematician and 
the story of his contributions. 

Account of some scientific discovery and invention 
relating to mathematics.+ 

Skits, plays, dialogues. 

Compiling dictionary of terms or symbols used in high 
school mathematics club from the texts. 
Mathematical Scrap book, 

History of mathematics--Stories of, 

Recording what you see on a geometry trip. 

Club library. Books on mathematics. 

Astronomy Lecture. Eclipse angle.4 


(3). For the hand-minded, 


Construction of instruments to be later used in field 
work. 

Construction of a set of models. 

Demonstrations with steel square. 

Field trips with plane table measure. 

Measures based on congruence of triangles. 

Use of transit. _— 

Paper folding.® 


Ruth Hoag, Source of Program Material and Some Types of 
Program Work by High School Mathematics Club, The Mathema- 
Teacher, XXIV (December, 1931). po. 492-502 


tics 


Norman Anning, loc. cit. 


Mary 


C. Hatton, The Mathematics Club, The Mathematics 
ee 


Teacher, XX, (January, 1927). pp. 39-45. 


Ruth Hoag, loc. cit. 


Mary 


C.. Hatton, loc. cit. 
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(4). For the problem lovers. 
Mathematical game or fallacy.l 
Puzzles and entertainment. 
Historical problems. 

Slide Rule contest. 
Contest. 

a. Twenty-five completion sentences from the 
Schloring Clark Achievement Test in Plane 
Geometry. 

be Oral on five propositions, 

c. Five originals on blackboard: other side on 
opposite blackboard. Each took turns in 
having its members give a step in the proof.5 





(5). For the art-minded. 
Posters, etc. (see the following section) .4 


b). The Mathematics Room. If the task is to be worth while, 
the group must feel that it is important. Helping toward this 
situation may be mentioned the mathematics room. 

To produce a favorable attitude toward plane geometry, it 
is necessary to have a "we" feeling for the subject. Partici- 
pation by the pupils in making various exhibits for a mathema- 


tics room will arouse this "we" feeling and will have the advan-~ 





tage also of providing for individual differences and affording 
much visual material. This will get the symbol back to the 
picture and object stage, for the better understanding by the 
pupil. Posters, exhibits, models, instruments, pictures, book- 
lets, clippings, are all useful. 

The following unit makes topical suggestions for the room 
decorations which give opportunity for various interests of the 


group. Here takes place the crowning step of the various 
I. Marie Gugle and others, loc. cit. 


2. Norman Anning, loc. cit. 





Se Mary C. Hatton, loc. cit. 


4. A. Day Bradley, loc. cit. 
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endeavors, and there is the advantage over the verbal program 
in its permanence. This might be said to be the publicity part 
of the geometry work, since other groups may visit this room ang 


witness the visual work of the class. 





(1). For art-minded. Following are the suggestions for the 
mathematics room: 


(a). Pictures. 
u ngs . 
Bridges. | 
Designs. 
Great mathematicians.1 
(b). Posters. 
Uses of mathematics in society. 
Geometry in the home--Picture of girl 
making a lamp shade with a hexagonal 
base. 
Mathematics in the Making. 
Mathematics in the Baking. 
Suggestions for pupils in connection with 
classroom work. 
The A paper. 
Inciting to greater endeavor. 
Geometric forms in art and nature.4 
(c). Graphs. 
Genealogical Tree.4# 
Bridge. 
Stream. 
Mountain. | 
The following general suggestions are made; 
Make displays at eye level. 
Have case for the instruments and models. 
Have exhibits at various times before the entire 
school. 


1. Edith L. Mossman, A Mathematics Room That Speaks for Itself. 
School Science and Mathematics, XXXIII, (April, 1933). pp. 
425-450. 

2. William Betz, The Teaching of Intuitive Geometry, The Nation- 
al Council of Teachers of Mathematics, The Eighth Yearbook, 
1935. pe 116. 


3. William Betz, Quotation from Olive A. Kee, A Mathematical 
Atmosphere, The National Council of Teachers of Mathematics, 


The Third Yearbook. 1928, pp. 268. The Eighth Yearbook.pp. 


4. J. W. Aw Young, op. cit. p. 266. 
5. William Betz, op. cit. pp. 138-140. ; 
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(ad). Graph board. 
(e). Slogans. 
Ye shall know the truth 
And the Truth shall set ye free.1 


(2). For the verbal-minded. 

(@). Bulletin boards. 
Newspaper clippings. 

(ob). Reference table. 
Wagazine and reference books. 
Source books. 
Booklets by pupils.4 
Mathematical puzzles_and scientific books 
on related subjects.® 


(3). For the hand-minded. 

(2). Geometrical instruments. 
Meter rulers, 
Standboards of board measure. 
Compasses, 
Protractors,. 
Pantograph. 

Slated globes. 

Slide rules. & 
Carpenter's level. 
Transit. 

Blackboard compasses.”? 


(b). Models. 
Geometric solids.® 


Mary R. Cook, Stimulate the Interest in Mathematics by 
Creating a Mathematical Atmosphere. The Mathematics Teacher 
April, 1931, pp. 248-254. 

Edith L. Mossman, op. cit. pp. 423-430. 

William Betz, op. cit. p. 155. 

Mary R. Cook, loc. cit. 

Gertrude E. Allen, Reorganization of Course of Study for 
Senior High School Mathematics, The National Council of 
Teachers of Methematics, The Second Yearbook, 1927, pp. 267- 
268. af at 

Gertrude E. Allen, loc. cit. 

Mary R. Cook, loc. cit. 


Edith L. Mossman, loc. cit. 
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The making of an attractive mathematics room will provide 
for the individual differences of the pupil, appealing to those 


who are verbal-minded, hand-minded, and art-minded. The 





library table being the product of the first-named, the models 
being the product of the hand-minded, and the posters, exhibits, 
graphs, etc, being made by the pupils artistically inclined. 

(c). Graphs. The graphs suggested in the previous pages 
may be illuminated by colors and varied by polygon shapes; they 
are simply suggestive. Many pupils will be eager to make such 
a poster if the teacher gives them the idea. They may be 
painted, drawn in pencil or in crayon. 

Lindberg flying across the Atlantic offers a challenge of 
“Why not fly in a straight line?" The course of a line over & 
tennis ball or other spherical model will demonstrate the 


ANSWer.e 
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De Classroom Procedure. 





1. General discussion. In large classes the writer has 
found no single method so powerful as the method of having the 
class develop the proof of the proposition which is written on 
the board by a student-secretary or by the teacher. Each pupil 
may copy the procedure at his desk which provides for hand-prac- 
tice, and this is important as there is a big gap between per- 


fect understanding of the visual and auditory impression, and the 





giving back of the work in writing. No other method, other than 
perhaps individual assignments at their desks, will keep the class 
so alert. A single exception of this might be in construction 
work in the early stages. 

The old-fashioned method of having a pupil go to the board 
and write out a complete proposition resulted, and still results 
in boredom for the others in the class. It is important that 
each pupil associate himself with the proposition; it must be 
class-discovered, class-built, class-criticized, class-owned, 
and this may only be accomplished by the class working together. 
This method provides for the leadership of those who are superior, 
and it also provides for those less able through the easier steps 
and the repeating processes. 

After the proposition has been developed in one position, 


repeated developments with the figure in varying positions, and 


the construction lines varying accordingly, may provide 


urther practice. Hands not at first raised now become 


active, and the teacher may inject a human touch by saying "Now 


the corn is popping better" as the hands increase in number as 


the proposition is repeated. Colored chalk adds greatly. A 
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challenge of "No one can prove it when it is in this position" | 
brings forth the efforts of those to whom challenges mean action. 
2. Board work 


a). See-it-grow method. In construction work the "see-it- 





grow" method of putting on a succession of figures, each showin 
a single step along the process of construction may be supple- 
mented by each pupil at his seat with the compass, copying the 
step. Slow progress is made in order to insure accuracy of 
procedure and thorough understanding. 

b). Accuracy in directions. Accuracy in statement may be 
gained by having the pupil dictate a construction line to the 
teacher at the board. The pupil directs a perpendicular to be 


drawn to the radius. The teacher does so at some interior 





point. The pupil then says that he means at the end of the 
radius and the teacher intentionally chooses the wrong end which 
goes through the center of the circle. Finally the pupil 
directs the perpendicular to be drawn at the point of intersec- 
tion of circle and radius.1l 

Geometry is a subject which because of its length of 


procedure and insufficiency of board space is not a fertile 


field for all working at the board at the same time. An excep- 
tion to this is when the class is small. When construction wor 
is to be done, certain sections of the class can be sent to the 
board in turns, and groups or pairs may work together on propo- 


sitions, 


le. Je O. Hassler, and R. R. Smith. The Teaching of Secondary 
Mathematics. p. 191. 
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The general procedure most used by the writer involves the 
following steps: 
ec). Class built. 


As stated previously, the writer has quite consistently 


used the method cf group development of a proposition using a 
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Board demonstration--Class contributing. 
Har and eye approach. 
Teacher in background as director, 
encourager, helper. 
Pupil secretary at board. 

Sections of the class at the board (construction work 
principally). 

Teacher observes errors at early 
stage before they become crystal- 
lized. Sometimes groups or pairs 
of pupils are assigned a board 
task. 

Assignment consists of that which has been learned in 
the class period as a minimum wit 
optional exercises and originals 
in accordance with ability of 
pupil. (See section on individua 








T 





aifferences). In general the 
practice should be correct practi 
Assignment provides an extra hand- 
a@riil. . 

Checkup . At the beginning of the next 
period to catch any errors still 
remaining. (See section on 
testing). 





pupil-secretary to place the work on the board. Each proposi- 


tion is first treated as an original in which the various 


members of the class work together on determining the hypothesi 


and conclusion, the figure, steps and reasons for the steps, an 


the conclusion. At the first of the year, constant reference 


keeps in mind the necessity of the following steps for complete 


proof. 


Hypothesis. 
Conclusion. 
Figure. 
Plan. 
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Steps and reasons. 
Conclusion. 


Each pupil is taught not to memorize and is shown the 
reason for the necessity of each of the steps. 


ad). Place of the teacher. The teacher's part in this 





board work is to ask leading questions in case the class does 
not see its way out, and to pause over false steps so that time 


may be given for the discovery by the class of the weakness of 





the step. Encouragement to the timid; the hard parts to the | 
more capable; the easier parts to the less capable so that all 
may feel success and contribute, is the aim. Repeating the 


proofs will draw in those members not successful on the first 





time for the proof. 

Questions are asked in an effort to have the pupil see that 
if he asked himself these questions he would be able to solve 
without help. | 





The day of the pupil reciting gliby the memorized proposd- 
tions at the board, while all the rest of the class are idle 
even while apparently politely listening, is gone. The board 
work must be dynamic, occupying the attention of all with all 
contributing. The proposition may be vividly outlined with the 





important points being given, especially in review; the plan of 


attack may be given; or if complete proof, each pupil will con- 





tribute his share and since no one knows when he is to be called 
upon to contribute the next step or to criticize the last, each 
one is alert and ready. Demonstration is for the class and to 


the class, rather than directed toward the teacher. Pupils 
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wetch for the weak points in the steps Hagia Gun! Gane from ds . 
e). Place of the demonstration by the individual pupil. 
After the proposition has been developed by the group, part of 
the period the following day may be devoted to having the class 
listen to a particular pupil demonstrate his written proof of 
the proposition at the board. The advantages here are that the 
group may evaluate the reasons, and the demonstration serves as 


another repetition with the challenge to find errors. 





One writerl suggests the following evaluation for thd | 


demonstration. 


f). Evaluation of parts of demonstration’ 


Points 
Figure 2 
Hypothesis 1 
Conclusion r 
Construction i: 
Proof 5 


After this preliminary going over, the proposition may 
again be reviewed Dy changing the diagram and the notation, and 
calling on various meniee to give steps in the proof. This 
again keeps them on edge as they do not know when their turn is 
coming. Criticism of the preceding step is also asked at 
various times. Sometimes merely the plan of proof, or the 
important steps are reviewed.© 

3. Desk Work 


a). Hand Practice. An advantage of having pupils draw the 








figure and jot down the proof as it appears on the board is that 
1. S- 3. Fe. RAabourn, A Few Classroom Devices to Stimulate 


Interest in Mathematics, The Mathematics Teacher (Octoder, 
1927). pp. 328-333. 


2. Ernest R. Breslich, Problems in Teaching Secondary School 
Mathematics, pp. vee ee 
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it gives everyone hand practice. The teacher may pass from —- 








to desk assisting. 

b). Drill sheets. Drill sheets are also favored by some 
teachers on summaries of equalities and parallels. 

c). Direction sheets. Where a text is not used, sheets of 
directions insure practice in following directions and involve 
construction work. Work sheets involving new terms give a felt 
need for definitions. 


d). Conference groups. Later, conference groups evaluate 





the work, and final discussion and evaluation come under the 
presiding of the teacher. 

e). Note books, or work books. Standard notebooks or work- 
books in which each pupil writes important introductory exer- 
cises, while the teacher directs the work orally, or from the 


blackboard are also used. At first, each step is the result of. 





careful questions and oral responses or conclusions reached by 
the collective cooperation of the class. As the work progresses 
additional problems and exercises provide for the various 
ability levels. Each pupil: is then expected to work at his owr 
best rate.+ 


4. Group ing. 
a).Strong and weak pupil. Good and poor student work at 





board together. Then two weaker students work together, after 


they have worked with the better students.” 


1. William Betz, The Teaching of Intuitive Geometry, The Nation 
al Council of Teachers of Mathematics, The’ Eighth Yearbook, 
1935. p. 144, 


2. Gertrude V. Pratt, Popularizing Plane and Solid Ceometry. 
The Mathematics Teacher, XXI (November, 19288) p. 413. 
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b). Two sides, The writer has had the enass soboet two ; 
leaders, who in turn choose sides and a geometry match, some- 
thing like the old-fashioned spelling bee, may add fun. Defini- 
tions, summaries of equalities, or important methods, may be the 
questions for sides. When a member of one side fails, the other 
side has a chance, and if successful, draws a member from the 
losing side. 

c). Row. Another method of grouping is to have a row of 
pupils responsible for certain originals. This encourages the 


teaching by the brighter pupils so that the poorer may have 





success, 
All these methods of groupings are to give courage, 


success, cooperativeness, and discourage dishonesty. 


5. Pupil helper. 

saby Checking recitations. Not only may pupils help each 
other but they may be helpful to the teacher. Checking recita- 
tions, which does not involve evaluation, may be done by some 
pupil through the use of a tally sheet 

b). Written test on board. Plae¢ing a written lesson on the 
board just prior to the recitation may also be done by some 
pupil, or the putting on of figures for class demonstration may 
also save time.1 

6. Tests. 

a). Place in class period. One writer? says, "As to the 
recitation, I think written work should occupy the greater part 


I. J. 0. Hassler, loc. cit. 


2e J. M. Jacobs, Reaching the Individual in Mathematics Instruc- 
tion, Sghool Science and Mathematics, (May, 1 
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of the period. We can dispense with oral demonstrations. One 

















person need not give a whole proposition. Break in and ask 
others to do it."1 

b). Frequent need. Blaisdell® calls attention to the need 
of frequent testing to unify and correlate the cumulative sub- 
ject of mathematics which otherwise would go neglected on 
review tests because of the pupil's concentration on the curre 
topic. 

ce). Test on errors. Testing should be on the things 
needing testing. Common errors should form the subject of 
tests. Various devices may be used for the discovery and 
recording of these. One form might be a tally sheet at the top 
ef which would appear the various errors and at the side would 
be the names of the pupils. A large enough square would be 
made by the vertical and horizontal lines so that check marks 
could be placed in the proper square opposite the pupil's name 
and under the correct errer column. This would be a key sheet 
for the teacher. 

(1). How record. In addition each prpii could keep his own 
sheet of errors in a note book. Code letters have been sug- 
gested for the errors involved in order to save time in writing 
when correcting papers. Each pupil would have a key to the 
code.5 
TI —Wsasobs, Iss. cit. 


2, Walter H. Blaisdell, Daily Testing, The Mathematics Teacher 
XXVI (April, 1933) pp. 227-234. 





Se Ge Hapgood Parks, A Mathematics Teacher Seeks Guidance in 
Guidance, The Mathematics Teacher, (February, 1933) xxVI. 
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(2). Common errors. Among the errors which are common if 


might be noted: 

a. Confusion of terms. 

b. Failure to visualize figures in different 
positions. 

c. Failure to think of figures other than 
conventional type. 

d. Inability to use formulas. 

e. Basing conclusions on appearances. 

f. Using specific instead of general cases.1l 


d). Length. The five-minute test at the beginning of the 
period has been found useful to call the pupils to attention and 





to provide an incentive for daily preparation of the work. 





e). Subject. This may consist of the various parts of the 
propositions, sometimes the plan of work or the important steps, 
sometimes the construction figures,sometimes completion tests 
on equality or similarity. In the short test, ease of correc- 
tion and rapidity in administering are important phases. For 


this reason the less writing required of pupils the better. 





These short tests are factual in nature. 

f). Value. In spite of the artificiality of the motive, 
the final examination seems to remain powerful in having the 
alass master the necessary facts. In hot weather, near the fag 


ena of the year, it provides a goal for final endeavors, 


7. Assignment. 
a). Suited to capacity of pupil. Various writers call 


attention to the skortness of the gaps which must prevail in 


the teaching of plane geometry. Text books have done consider- 





able in meeting the requirements of this situation, but the 


I. Alma M. Wolf, The Teaching of Secondary Mathematics, Boston 
University, M.A. Thesis, 19352. p. 44. Quotation from Diagno- 
siic Tests in the Teaching of Plane Geometry, Carrie B. 
Ramsey, Colorado State Teachers! College, 1929, 
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teacher of geometry can make these gaps even shorter by calling 
attention to what the text book has done. For instance, in 

referring to exercises after the proposition, especially early 
in the text, the teacier may note that the exercises involve the 


proposition just studied, and that they vary very slightly. 





b). Preparation for economical study. For example, in 
regard to the exercises which center about the proof of con- 
gruency when two sides and the included angle are equal, the 
two sides may be given directly and the angle may be equal 
either because it is a vertical angle, or because the word 
“yerpendicular" occurs. When a line is the missing quantity, 
the word "biset" or "isosceles" may provide it. In any event, 
if the oupil is taught to see the given quantities and how to | 
search for the missing quantities, he becomes encouraged in his | 


task. The task cannot we made too clear for the pupil. He 





should watch for the variations, such as different sets of 





| 


triangles chosen, methods of lines and angles being made equal, | 


and remember that the final aim is to make the figure agree 
with the conditions for congruence, such as two sides and the 


included angle. 


8. Failures in geometry. 
a). A testing program to guard against failure. After a 


number of years of experience in which the writer gave a test on 





) the entire proposition after the class studied it, which 
resulted in failure of many pupils and discouragement on the 
part of the teacher and which included a mental set of the 


teacher toward the ability of the pupil failing, for often the 
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method of testing was made. 


(1). The start for short tests with careful preparation. | 


For three years the author has given tests with very, short gaps 





and has tried to carefully prepare the pupils for successful 
work. At the present time he has selected a testing program 
which involves a constantly increasing number of questions on 
the proposition which gradually work up to the presentation of 
the entire proposition, which latter is deferred until the 
middle or ‘nd of the third month in teaching. 

(2). Postponement of complete presentation of the theorem 
for three months. It has been found that this method saves the 


patience of the corrector of the papers and is much more 





effective in giving power to the pupils in writing out proposi- 
tions in full. with real understanding, as will be shown lester vy 
the results of the first complete period test, 

(3). Examples of the short test. These short tests, from 
three to ten minutes in length, start with simple construction 
work and with no formal demonstration. The first question on 


demonstration will consist simply of marking off the hypothesis 





and conciusion by a vertical line; this will follow the unit on 
the topic of picking out the hypothesis previously written. A 
number of theorems are given and the class will insert the 


vertical line in the theorem at the proper place. Following 





this test may come a memory test of naming the seven steps in 


the presentation of a theorem as follows; 
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1. Selecting the hypothesis. 

2. Selecting the conclusion. 

3. Drawing the figure. 

4. Making the plan. | 
5. Construction the auxiliary line. | 

















6. Steps and reasons. 
7. The conclusion. 

















This test is important for the reason that the pupil should 





have these seven steps so thoroughly in mind that they can be | 
brought back automatically. This makes it possible for him 
later, when presenting an entire proposition, to focus on the oak 
tual work, without worry in regard to whether he has eoeeeewas| 
the proposition in all the necessary parts. 

A third type of test may next come which might consist of 
one to three questions on any of the steps mentioned above in 


connection with a particular theorem. The number of questions 





may constantly increase until the pupil has answered questions 


which involve in an isolated, but suggestive way, the entire pro- 


position. Completion tests may be dictated in connection with | 
these which have the advantage of ease of correction and ease of 
writing. However, they have the disadvantage of having only the 
auditory approach unless the school is well suaslies with éiane 
ical help for mimeograph work, and occasionally there will be a 
pupil or two who will have difficulty in understanding them. 


| In all cases, the written test is preceded by careful pre-. 





paration. If it is a construction test, the pupil practises at 
| 
the board, at his seat, and in his home assignment. If it is a. 


test which may be anawered by the written sentence, the pupil is 


drilled on the questions, and a day or tw is allowed for the 





work to seep in before the test is given. The short test is 
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given without warning; the longer tests are given with warning. 
The aim in all cases is to have the pupil successful in these 
early tests; the ones who fail in the short tests are those who 
have not prepared their lesson for the day; these frequent 
tests incite them to daily preparation, and seldom does a pupil 
fail twice consecutively. 

After these short term tests, a group of propositions are 
studied over a period of three or four days. These are class- 
built as described in the unit on class procedure. Repetitions 
are given and the weaker members of the class are encouraged to 
make their contributions. Notice is given that a written test 
is to be given on these propositions. The written test itself 
consists the first time of a single proposition or sometimes a 
choice of two out of three. The aim again is to make the pupil 
successful. 

(4). The sliding scale test. After two or three of such 
tests, a sliding scale test is given. For instance, the writer 
has just given at the end of November, his first sliding scale 


test. It was explained to the class that success in one propo- 


sition would give a passing mark and was the minimum assignment; 


in the marking system this would mean a €; completion of two of 
the theorems would net a B which is college entrance credit; 
while completion of the three would mean an A rank, superior. 
Of the thirty taking the test, 8 successfully completed the 
three; 12 additional pupils completed two, while the remainder 


of the class succeeded in doing a single theorem. 












| ~s@hs 
wghinwaw ddiw nevig exe edeed rane £ ond wgotorew ot 





seedd ok Iutaeeoore ftqog edd eved o¢ ef eseno Iie nt mbes alah 













ow ekeondt ets etaet diode edd at fist odw esno edt rateed yinee 
tneupert ceeds »yab edd 10T goasel enates persgetqg tom ever 
Itquq @ esob moblee bas ,acitereqerq yltab o¢ merit etfont evesd 
syfeviguosences eolwd Ifet 

e1s anoliteoqortq to quorg & ,eteed mist dora eeett asd tA 
~eeslo eve sesiT ,eveb wot to serdd to bolisq 2 asvo fetbuse 


enoididsgeH .sisbesotq eeetlo mo ting edd af hediroeeb en tited 





ot begewoone ere eeelo edt to etedmem tedsew oft bas nevig ets 


teed seddiaw « tadt nevis at eotton senotdrdtadnos tient etam | 
tieedi ¢eet net¢inw ed? ,enoliteoqorq sa2emt no mevig ed oF ef 
gs semitemoe ro nolileoqorq elgmie e To eutd tertt edd etetenoo 


ifouq edt extem o¢ af misge ats oft seetdt to tno owd To sotons 















sigpteeeooue | 
dove to setdd to ows tetTA .cdest efsoa gatbtfe eit .(b) 
retinw eft ,eonstdent r0o% .nevig ef dees elase anibite s ,etees 


efeog anthife taxtt efd .vedmevow to bone edt Js covig dent aed 





~ogorg sao nt eeesoue tacd eeaelo edt o¢ bentsiqxe esw I .ceed 





jnemmzizes mumtaim edd exw bre 1am gntgesq 8 evia binow noftte 
to cwd to cofselqmoos 2:0 8 teom oLuow abcd motaye yoivasm edd at 
:dibers eonenines ogetioon el dofdw & a tem bivow ametoeds edd | 
»tolveqre one A ae neem binow sordid edt to sotde Lamoo oLtaw | 
edd betelqmoo ylinteaesoue 8 <taed, edd gckaind ree ad¢ 10 

et jsendd | 







sobatsmex ett sLidw .owd bedefqmoo eliqug ferotstope Sf 





smstoent efunte s gatob mi b 














~“p). Types of pupils. It might be well to explain here that. 
the class members are drawn from various high school courses, | 
not more than half are in the scientific course. A number of 
the pupils have taken either a single course in algebra or no © 
mathematics at all in high school. | 
(1). Geometry as a cultural subject. Geometry is thought 


of as a general cultural subject, somewhat in the same line as 





junior business training, history, civics, general science or 
biology. It is the one mathematics course that is thought of 
in this way. 

(2). Reasons for taking geometry. As mentioned in the | 


previous section there is no selection of geometry pupils. In 





some cases pupils are advised to take the course for various 





reasons as follows: 


1. Higher institutions require it, 

2. Mechanical drawing and manual training work is 
connected with it. 

5S. A pupil has a naturally debative or argumenta- 
tive type of mind, and therefore has a natural 
interest in the problem work and in the demon- 
stration. 

4. The pupil is seeking a subject general in 
character to complete his program; if a boy, 
the choice is quite likely to be geometry. 





About sixty per cent of the pupils in school take this sub- 








ject during their high school course; most of these take it 
during the sophomore year, but a few include it in their progra 


in the junior or senior year. 


c). Percentage of failures. As outlined in the previous 





topic on testing, careful plans are made to insure the success 


of the pupil. Because of this, failures have been reduced 
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considerably in geometry. 





Ordinarily they will average perhaps 












not more than 5% of the class. Possibly if one considers the 





one or two who wander into the course and wander out again the 





first week in school, the failures might mount to 10%, but at 





no time will they rise above this. 
As inferred above, and throughout the entire thesis, in the 
opinion of the writer, it is possible to make geometry both 


interesting and beneficial to almost all of the pupils who ente 





the class. A single exception might be those of particularly 


low capacity who have no interests which bear on geometry. 
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E. The Drill. 


1. Drill as part of the learning process. 
It is noted in the conclusion that geometry is primarily 





a problem subject, but with the aim of appreciation being 
particularly strong in the beginning of geometry and running 
through the entire work to a considerable extent. 

The mastery of the fundamental knowledge offers a smaller 
field, but none the less important. This mastery involves the 
technique of drill procedure, and though the total proportion of 
time so spent is small when compared to the time spent on the 
problem situation, or the time spent in developing appreciation, 
yet drill must not be neglected, nor must it be applied in a 
haphazard manner. Only by keeping the tools, the fundamental 
facts, shiny, can they be used. When and where to drill is a 
vital matter. Too much drill or drilling on the wrong work does 
as much damage as not drilling at all. 

The following unit on drill attempts a suggestive procedure 
by which the pupil can see the value of drill, work on which the 
drill procedure may be properly emplyed, the elements of a 
successful drill procedure, the goal of the drill, and suggested 
class procedure on drill. 

"How does learning in faet take place? (1) 

Repetition is a factor in learning known to all, 

(2) An inclusive "set" which shall predispose © 


the attention, focus available inner resources, and 
secure repetition is a necessary condition less! 


1. The Problem of Mathematics in Secondary Education, Bulletin, 
£9205 Nout os pete. 
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"commonly considered. (3) The effect of accompanying 
satisfaction to foster habit formation is a third 
factor to be noted. These three facts are necessary, 
then, to adequate consideration of the problem of 
method. It accords with these considerations and | 
with undisputed observation that, other things being 
equal, any item is more readily learned if its 
bearing and need are definitely recognized. The felt 
need predisposes attention, calls into play accessory 
mental resources, and in proportion to its strength 
secures the necessary repetition. As the need is met, 
satisfaction ensues. All factors thus cooperate to 
fix in place the new item of knowledge. The element 
of felt need thus secures not only the learning of the 
new item, but it has at the same time called into 
play the allied intellectual resources so that new and 
old are welded together in effective organization with 
reference_to the need which originally motivated the 
process." 





&. Necessity of. drill. 


The class may be addressed somewhat as follows; Your 
classmate could solve this problem because she had at hand the | 


facts which could be applied. Just as in manual training, you 


must keep the tools in order and shiny, so in plane geometry you 





must keep certain facts in order and be able to bring them to 
mind automatically for the purpose of solving the problem. In 
any factory containing machine parts, the separate shelves 


| i 
contain the various parts. Unorganized knowledge and knowledge © 





not readily available is worth little. | 
If you smile at Mr. Equal Angle, and say, "Good morning", | 
he will smile back at you. You recognize him as being Mr. Equal 


Angle because he answers the conditions, for instance, of being 





one of two corresponding angles of parallel lines. 


"Mr. Parallelogram", I see you have on your coat of 
| ——— 
Ir. The Problem of Mathematics in Secondary Education, p. 12, 


Op. "trc: 
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trousers of “opposite sides equal” and your shoes of "adjacent 











opposite side are parallel” and that you are wearing your 


angles are supplementary". 





I. Verbatim Report of a Recitation in Geometry, School Science 
and Mathematics, XXXIII, (February, 1933) p. 68. 


Bi Problems in Teaching Secondary School Mathematics, pp. 289-290 


The Teaching of Mathematics in the Elementary 


| 
Se da We Ra Young, 
and Secondary School. jp,.267., 


Joseph A. Nyeberg writes;l1 "How can the class be 
taught to select the correct angles that must be 
proved in order to get certain lines parallel? 

“If several pupils cannot select the angles 
correctly, how should the trouble be remedied? 
Can the teacher expect the trouble will gradually 
be overcome as the recitation proceeds, or should 
the day's work be set aside and the subject of 
angles relating to two lines and the transveral 
be retaught at once." 


Ernest R. Breslich notes:© "A pupil may know the 
facts of geometry and be unable to recognize them 
in situations that are new and complicated. For 
example he may readily note that the alternase- 
interior angles formed by two parallel lines and 
a transveral are equal when it appears in the 
first of the two figures below but fail to recog- 
nize it in the second." 


ye 


Aa 
3. Place for drill. 


"It is also a good drill to enumerate the 
properties of the figure which are known in con- 
sequence of data; what lines, angles, triangles 
are equal; what lines are parallel, perpendicular; 
what figures are of equal area, etc. A list of 
the chief things to_look for might be helpful in 
the pupil's hands."4 
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a). Drill on equivalent triangles. Since the area of the 


triangle is the "core" area of the polygon, as all other areas 


are built on it, first drill on the triangle as an equivalent 








figure when bases and altitudes are equal. This drill will be 
first on triangles having vertices lying in a line parallel to 
the base. The triangles are equal if they have the same or 
equal bases. 

A variation is the drill on showing that triangles with 
equal bases very as their altitudes and the converse of this. 
All this work may be made visual by drawing many triangles, 
first in simple situations, then in more difficult. 


The teacher must get into the mind of the pupil that the 





bases may be any side and occupy any position on the board. 
Parallel lines are the resting places for the vertices, denoting 


equal altitudes. As noted heretofore, attention to the 





difficulty, when the altitude falls outside, may invoive drill 


work. 


—=— = 





Tit paueerareee me é — 
Ernest R. Breslich notes the following places where drill | 




















| ean be used:l 


"Two line segments equal. 

Two angles equal. 

Lines parallel. 

Lines perpendicular. 

Triangles similar. 

Triangles congruent. 

A quedrilateral as a parallelogram", 





| 4. A Successful Start. 

To make the drill work effective at the start, J. W. A. 
“Young suggests:© 

"a. Pupil sets goal: selects task; finds own weaknessese 
be Pupil understands reason for practice. 

c. Pupil recognizes and selects own errors for drill." 


| 
The pre-inventory test will satisfy "a" and "c" 


This may consist of a written test which is made as simple, 
as far as writing is concerned, as possible. Mimeographed 
sheets handed out will have different units. 


Angles are equal when:--and then there will be the 





necessary number of blank lines all numbered. Pupils are 


encouraged to use geometric symbolism in writing their state- 





‘ments, using symbols for angles, triangles, etc. 

| Henry L. Morrison writes;:5 

"Mastery formula: | 
Pre-test | 
Teach | 
Teach the result | 
Adapt procedure 

| Teach and test again 

| All going to the center of mastery. 


Isgrnest Re Breslich, op. cit. 





2.3. W. A. Young, op. cit. 
S.The Practice of Teaching In The Secondary School, pp. 79-99. 


















~fOS- a 
exedw eeoelq gatwollot edd seton r dot iaens “A deena 






| 
L:beay ed mao} 
ofaups atnomges enti owt" 
“",Leupe eelgns ow? 
efsilarsgq zentl 
ereivothueqieq zentd 
-  ,teltate eelgnetst 
Saswrgnog eelgnteiat 
. "mMersoLelf[ersq a aw Levetaliebavp As 








atiwe3e Iotaneooul A .d 









-A Wt ,tuete eft te evitostie wrow [liad edi exam of 


S:adseqgve wreroy | 





-soneeniscew awe eontt saest etoolee :fso0u eaten Ltqud .2" 
eooltosig rol noseet ehoatetebay [iqut .d 
",{ilib 16% etorte nwo atoeloe Has seSingoost Iigqed .o 








~"o" poe "sa" ytetéaea (Ltw jaos yrodmevat-e1q eft. 


elamie es ebsam ef dotdw deed meddinw se to Jalenoo yam ald? 






bedgqergoemiM .eldlegegq es ,benseonco ef aniitiw e& 127 23s) 







eding dhexettlb eved ILtw duo bebied edeedel 






oft ed Ifiw etedd metit boe--:qedw Isupe ete solgad 






ere aflqud .bexedmun [fs eent£ Ansid to tedmen yiseseoen| 








-otade visit soidiaw of mellodmye ofisemoes een oF begetroons 









odo ,2eefensiand .selyos 107% eLfocdmye griies , eden) 






S.asdtiaw sositi10oM .d yineH 


relimnot yredsen” 
stesso 
HoseT 
tigeet edt doseT 
eursbesorg IqsbA 
miags deed beer coset 

-Yiedesm to tedroo efit oF gattog LIA 











— -202- 











DSS Ee Ro or Boa saa ES — 











"advantages of pre-test: 
1. Orients the teacher for intelligent approach. 
2. Gives guide post in progress, 
5. Makes redirected teacher. 
4, Finds trouble. 
5. Teaches to mastery. 
6. Shows types of pupils who fail. 
7. Shows reasons for failure. 

"Pre-test orients the teacher: tends to establish in the 
minds of the pupils a connection between prospective 
learning and present attainments. 

"Supplementary work should be for the superior; if 
released from class work,personalities are unfavorably 
affected in that they were given an utterly false sense 
of their intellectual attainments." 


5. Significant practice. 


Various writers make the following suggestions for success- 

ful drill work: 

| "It is a good plan for students to keep notebooks 

| and in review of a unit to outline and summarize. For 

| example, anak can summarize (1) ways of proving triangles 
congruent; (2) ways of proving lines equal; (3) ways of | 

| proving angles equal; (4] ways of proving a quadrilateral; 

| a parallelogram; (5) ways of proving lines parallel; (6) 

| ways of proving triangles similar; (7) facts they have 

| proved about parallel lines; (8) facts they have proved 
about regular polygons; (9) facts they have proved about 
two intersecting secants of a circle. 


= must be: Individual. 

Specific. 

Standardized. 

For the new skills. 

Have scoring technique where pupil 
can watch his daily growth. 

In natural setting. 

In diminishing amounts and at 
increasing intervals. 

Have more interesting aspects taught 
first" .5 


T. Henry L. Morrison, op. cite pp. 79-99, 


2. Gertrude Allen, “An Experiment in Redistribution of Material 
for High School Geometry", The National Council of Teachers of 
- Mathematics, The Fifth Yearbook, (1930), p. 82. 


Se Raleigh Schloring, "Suggestions for the Solution of the Im- 
. portant | Problem That Has Arisen in the Last Quarter of the 
Century; The National Council of Teachers of Mathematics, 
The Fifth Yearbook, (1930), p. 105. 
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Guy M. Wilson makes the following suggestions;1 


Chart kept of errors made by various pupils; 
they have a copy; teacher has master chart of all 
pupils. This makes the drill individual and 
specific; eliminates that already known; makes 
simple and understandable; limits in amount; keeps 
meaning first and learning first. 

Systematizing: This comes from the pre-test 
itself and from the note books. Teacher's key 
chart and pupil's individual need chart will point 
to the weak points necessary to learn more thorough- 
ly by drill by self prior to oral and written test. 

Repetition: Interest retained by: 

1. Contest race by groups. Has all the power 
| of socialization; audience situation; group 
- power over the individual. 
| 2. Games, 

3. Display of best papers. 

4. Release from further drill for other work, 

5. Repeat necessity to keep tools bright: can 
do the work if in order: can prove the 
propositions. 

6. Necessity of having margin of safety: must 
make responses so automatic they come at 
will and at call, 

7. Oral drills: must succeed before group. 

8. Written inventory: must get good mark so 
as to go on. 

| 9. Cite story of swimmer coming to surface: 

Cannot see him until above water: so with 
repetition: one more may be effective 
enough to register: if almost learned, 
come the rest of the way. 

10. Sees definite task: goal release when 

reached. 

11. Chart of daily growth. 

| 12. Repetition itself satisfying: familiarity: 

| getting easier: satisfaction from success 

at achievement. 

| 13. Graph for bright child. 











6, Typical class procedure. 
The author has utilized the class period for drill in the 


following manner: | 


The oral drill is carried out while superior students may 


.TI.Boston University Summer School, Boston, Mass. 1933. 
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| 


be preparing a special problem at the board. or ‘working at their 


seats. It is rapid, quick-fire and of short duration, usually at 
the beginning of the period. If a written test is given, it is | 
| | 
usually from five to ten minutes duration and entails a minimum 





of writing by using mimeographed forms and geometric symbolism 


as much as possible. It is written in such form that it is easy 
| 
to correct and put on a chart. Each pupil also keeps a chart. 


| Drill material in geometry is rather cumulative--that is, 


4t involves all of the material as the year wears on. It is 
distributive, lessening in emphasis on the old material as the 


mae is taken up, but at intervals re-tests are given for all the | 


aril] material to be mastered. A game may be played in which the 





cless chooses leaders who pick sides and they stand much as in 
he old-fashioned spelling bee with either leaders or teachers 
asking questions and going from side to side as they fail. | 





Notice ahead, of course, results in attempts at perfect scores. 
The weak do not sit down but go to opposite side. 

| Application on drill procedure involves the following 
items; a. In increasing complexity of situations; in case the 


| 


pupil has difficulty in seeing ity erase the added part and 





reveal to him the original drill material. 





b. Link up: if you know this, you can solve this. 








Relate to practical problems interesting to hims if manual 
training, those problems, etc. 

| c. Recreations. 

d. Interrelations with occupations, 


| e. Interrelations with science, 
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T. Topical summary. | 


Drill material--100% mastery: 


See use and application. 
Relate to present interests. 
Make & game. 

Understand task. 

Eliminate that already known. 

Systematize» the drill: know the goal, 
All successful. | 





Clear meaning. 

Teaching scheme. 

Always keep behind a. Meaning. 
b. What the child has learned. 





Meaning first: learning first; correct image: 
then drill. 
Simple. 





Inventory at start and end. 

Provision for variety of procedure. 

Amount limited. 

Automatic response. 

Repetition key point. 

Repetition effective in proportion to interest. 
Observation of time limits. 

All responses to be correct. | 


Gradually lengthening intervening periods. 


Graph meaningful to bright chilal, 
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8. Comment. 


It is possible that this section on drill may be over- 
emphasized. The Morrison Mastery Formula doés not apply 
very fully to plans geometry. Neévertheless, there is 
opportunity for repétition. While the subject is primarily 


an appreciation subject, yet there needs to bé some repéet- 


ition for drill purposes. It is to bé emphasized that al- 


though the purpose is not mastery, yet there needs to be 


Some mastery in order to go forward. 
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ie Clarit y ° 


a). Introduction. While the author, for convenience, has 


grouped the miscellaneous devices under two topics of clarity 
and attitude, yet the reader will realize that there are no 
sharp distinctions between these two aims. Anything that is 
made clear has a tendency to vroduce a favorable attitude, and 
conversely anything which produces a favorable attitude must be 
made clear. 

However, there are some devices which have a stronger 
leaning toward clarity as a characteristic aim, while others 
lean more toward producing a favorable attitude. For this 
reason, it may be well to consider the devices under the two 
groupings, rather than under one. 


b). The figure. 
(1). Thé line. If the subject is put on the board so that 





the pupil can easily see it, he will be more apt to be attentive. 
Much of the power of the moving pictures comes from its vivid- 
ness because of its large size. The figure in geometry should 
be large and placed on the portion of the board best seen by the 
class as a whole. Lines showing up to the best advantage should 
be drawn; these may be ordinary lines of white chalk pressed 
hard enough against the board to get away from the gray color 
which appears when the line is lightly drawn, and which is not 
as well seen. Lines made with the chalk held broadways to the 


board to produce heavy lines are also useful. When using colors, 
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as yellow and orange are good, while blue and red show up 














rather poorly on the blackboard except in contrast, as in de- 
sign drawing. Dotted lines are used for auxiliary construction 


lines. 





Colored chalk may also be used in the beginning to call 
attention to certain parts of figures, such as pointing out an 


angle in a triangle, the vertex, the base angle, or the extrem- 





eties of a line segment. 


(2). Notation. Of late, text books have been tending to- 


ward simple notation. Instead of reading the three letters of 





triangle, it is often customary to use roman numerals to desig- 
nate the triangles, the numerals being placed inside the figure. 





A single letter is used for a line. When only one angle is at & 


vertex, a single capital letter is used to denote the angle. 
Corresponding lines in two triangles are designated by a short 
line through the side of each triangle to denote the first set 
of corresponding sides; two short lines to denote the second 
set, and three such lines to denote the third set. Braces used. 
singly, doubly, and in triplicate are also used to denote cor- 


responding sides the same as the one, two and three short lines 





are used. Corresponding angles are shown by single, double and 
triple arcs for each of the three sets. Not only does simpli- 

city in notation save time, but it makes the figure clearer and 
so aids to easier understanding and thus makes for success by the 


pupil, Just as the voice too low to be heard is not interesting, 


so the figure too dim and clouded to be seen is not attractive 





to the pupil. 
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(3). Cardboard. — To facilitate drill work and review work T 


_in general, and also board demonstration work, large figures may 








| stretched across the top of the blackboard. In the drill work, 


| the pointer may be used to indicate the parts being talked about 











be drawn on cardboard and serve in much the same manner as maps. 


do in the history class. They may be suspended from a string 





and this is also useful in the review. When olass time is limited 


the use of these figures on cardboard may save time when a demon- 


stration is being worked on the blackboard; they will be better 


than hastily drawn figures on the board. They will have the an 





vantage over the figure in the book in that you can point to the 
various parts of the board figure. Being drawn leisurely, they | 
may be accurate and attractive and may be in suitable colors, | 
The making of these cardboards will serve as an opportunity for 
some one in the geometry class not too much interested in the 
actual demonstration but who wishes to earn credit by contribut 
ing along the line of his interest and capacity. This activity. 
will have the double advantage of affording a hand-activity | 
opportunity and an audience situation for the finished product. 
(4). Distorted figure. Having noted that it is necessary to 
have a figure easily seen, and easily read, and that cardboard 
figures help in the geometry situation, one may next consider 


the difficulties caused by distorted figures. Since the writer 


of the geometry book cannot make his lines move,, and since it 
is expensive to make the figure in a vast succession of posi- 


tions to denote motion as moving pictures are made, he is faced 





with the necessity of distorting the line in an effort to prove 
his theorem. pe situation occurs eereely in _the indirect 
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situation is given, and an alternate plan is suggested by 





Clifford B. Uptonl. 


« Distorted figure. 


"Difficulties Caused by Distorted Figures. Let us 
now discuss certain practical aspects of the teaching 
of the indirect method of reasoning. There is no 
question that this type of reasoning is difficult 
for pupils and also for teachers. Undoubtedly, some 
of the difficulty that pupils have with indirect 

¢ proof is due to the fact that the figures for certain 
propositions are often distorted and misleading. The 
following proposition with its accompanying figure 
illustrates this point. 
Proposition; When two lines in the same plane are cut 
by a transversal, if the alternate interior angles are 
equal, the two lines are parallel. 











"It is given that lines AB and CD are cut by a 
transversal MN so that angle x equals angle y. We 
are to prove that lines AB and CD are parallel. The 
proof of this prepesition is commonly given by the 
indirect method, according to which we first assume 
lines AB and CD to meet on the right of MN as at 0, 
thus forming a triangle EOF. It would then follow 
that angle x is greater than angle y, which contra- 
Gicts the given data. Similarly, we assume AB and 
CD to meet on the left of MN. Since both these 
assumptions lead to absurdities, it follows that 
AB and CD are parallel, 

"The difficulty which the pupil experiences with 
this proposition is that the figure above suggests 
that the lines AB and CD can each bend so as to meet 
at 0, but the pupil knows that this is impossible 
since AB and CD are straight lines which could not 


I. The Use of Indirect Proof in Geometry and in Life, The 
National Council of Teachers of Mathematics, The Fifth Year- 
book, (1950), pp. 119-120, 
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“yossibly bend as indicated. This difficulty could be 
avoided by omitting the dotted lines BO and DO in the 
above figure and by supplementing this figure by a 
second one like that given below. This given fact 





could then be stated with reference to the first figure, 
while the assumption that the lines meet at 0 could be 
referred to the second figure in which it is clearly 
seen that EOF is a triangle. A third figure, which 
would show the i meeting on the left of MN, might 
also be included." 


c). Hand work, 


(1). Folding. First, consider an illustration in folding. 


the greater, which proposition is difficult to analyze. He 
suggests the following; 


"Cut out a piece of paper and mark, on both sides 
of the paper, the sides whose lengths we assume to be 
agifferent. Mark also differently, on both sides of 
the paper, the angles whose relative size we wish to 
discover, and ask the following questions: 

"Which is the only theorem which tells that one 
angle is greater than another? Ans. The exterior 
angle of a triangle, etc. 

"Who can fold this paper so that ZB becomes the 
exterior angle of a triangle, while ZA becomes a remote 
interior? 

"Let all students cut out pieces of paper and try, 
and soon some will find the answer that is indicated 
in the annexed diagram. Students see now the truth , 
of the proposition, and it remains to translate this 
idea into geometric terminology. We unfold the paper, 
find that CD is the bisector of /C, find the position 
of B', the equality of ABDC and B DC, etc." 


Te Critierda bs. Upton, Sp. cit. pp. 119-120. 








Arthur Schultze® presents the following idea as a solution to the 


proof that an angle opposite the greater side of a triangle is 
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(2). Drawing. Those having a desire for drawing may find in 





the unit on proportion, directions for the enlarging of a pic- 





ture. Graph work, also, will afford an outlet for their oe 


ests. The mechanical drawing pupils may link physics with geom 








etry through the construction of a parallelogram with two adja- 


' cent sides given, as an illustration of the resolution of force: 


with the picture hung on the wall as an application. The 


inclined plane is another opportunity for them. Familiarity 
| with drawing instruments as suggested in the list given by 
Louise 3, Eddy will be interesting to them. 

(3). Measuring. Those interested in problem work may find | 


hand practice linking up with the problems in making and using 


d). Presenting ideas graphically. 


(1). General discussion. Previously in the thesis has 


appeared illustrations of the graphic method of presenting the 





ie large protractor to measure inaccessible heights and distances. 
| 

"steps in proportions. The newspapers recognize the power of 

| 


cartoons and comic strips to tell their stories of politics, 
i} 
science or history. To give these various geometric steps fam- 


iliar names will add to their interest. Colored chalk will add 






to their attractiveness. Here also is an opportunity for the 


pupil interested in drawing. His ingenuity can be called upon 












for the proper drawing after the rough ideas have been suggested 





by the teacher, or he may himself have an original idea for 
visual presentation. The class makes an excellent audience. 
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(a). The bridge. 













ber 
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Un Known 


Theorem 
A line through the 
center of a circle per- 
pendicular to a chord 
bisects the chord and its 
two arcs. 
Example of 


Bridge Graph 


Known 


(bo). The column, 












Proved a "The figure is a peel io 
Parallelogram., ogram". 
Conclusion Unknown. 


Opposite sides 
parallel. 





Alternate 
Interior angles 


Corresponding 
angles equal. 





to 


Triangles 









Three sides 


SBUUa fi 


Diagonal 
drawn 


Quadrilateral 
with opposite 
1 





Hypothesis Known 
"a Quadrilateral with 
Opposite sides equal 


Theorem: A quadrilateral with opposite sides equal is a paral- 
legranm,. 


Example of block graph. 
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(c). The stream. In this graph, one bank of the stream is | 





















he hypothesis; the opposite side is the conclusion. The steps 
ecessary to cross are designated by stones labeled with the 
roper reading. The drawing is below. The theorem is; The 


edians of a triangle meet in a point two-thirds of the way from 


he vertex to the opposite side. 


Stepping Stones. 


Prove: 








Construction Two lines Parallele- diagonals | 
line in two tri- gram formed. bisect. 
angles both opposite sides | 

parallel to\and equal and | 

and equal to\ parallel. | 

one-half a 

third side. 





This graphic work, of course, will accompany and supplement 
he regular figure of the proposition, 

(a). The umbrella, Another graphie method of making the 
nterrelationships of propositions real to the pupil is by the 
ethod of umbrellas or parasols. In order to get under the um- 
rella the proposition must belong to the family. Thus in the 
ongruence of triangles where the problem is to prove them con- 


uent when they have three sides equal, if the triangles can be 








roved to have two sides and the included angle, they can get 


der that umbrella. Other instances may be taken in plane 





eometry, as for example getting triangles similar, having them 


ulfill the conditions of similarity. This graphic work brings 








he problem from the symbol through language to the picture, and 
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dramatization could bring the picture into the object if 
desired. Below is the illustration drawn on the board in 
colored chalk. It shows the two propositions on congruency 
by three sides, and base angles of an isosceles triangle 
equal, basking under the protection of the parasol of side- 


angle-side. 











e). Methods of proof. 

(1). Equality of lines, angles and triangles. Various 
hints on general methods of proof have been suggested by the 
writers. Chief among these are the methods of A. Schultze! who 
makes 


1. Arthur Schultze, The Teaching of Mathematics in Secondary 
Schools. pp. 115-138. 
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he following suggestions; 






























Equality of lines and angles usually proved by means 
of equal triangles.1l 

The teacher cannot emphasize this principle and its 
application too much....There are only a few such 
principles that deserve the same emphasis--method for 
demonstrating parallelism of lines, inequality of 
lines, proportionality of lines, and equivalent 
areas.’ 

If the lines or angles whose equality we wish to 
demonstrate are not parts of equal triangles, we 
have to make them parts of equal triangles by 
drewing additional lines.@ 

If it is impossible to prove the equality of the 
required pair of triangles, prove first the equality 
of some other pair, or pairs, whose homologous parts 
will enable us to demonstrate the equality of the 
original pair.s 

To prove that an angle is a right one we usually 
demonstrate that it is equal to its supplementary 
adjacent angle.4 


certain pairs of angles equal, often these angles are made 





size that an angle may be an angle of a triangle and also an 
xterior angle of a set of parallel lines. It has a double 
identity. The sequence of steps is what bothers the pupil. 
is important for the teacher to emphasize this sequence. For 
instance: 


1, Angles are equal because they are corresponding 
angles of congruent triangles. 

2. Their name is also alternate-interior angles, 
although naming them this does not prove them 
equal, as a drawing may illustrate, 

5S. They are equal by step 1, and are named in step 2. 
The combination of being equal and alternate-inter- 
ior angles mekes the lines parallel. 


Arthur Schultze, The Teaching of Mathematics in Secondary 
Schools, pi 115. 


Ibid, 127. 
Ibid. 135. 
Ibid. 138. 








equal by having triangles congruent. It is important to empha- 


It 





(2}. Parallelism of lines. Parallelism is proved by having 
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Phe pupil is apt to say that the angles are RP OEE | 


they are alternate-interior angles. Drawings on the board will 


disillusion him. 


land 2 are alternate- 
interior angles, but are 
not equal, 





Other cases where the double identity of a line occurs is where 


a line is a side or part of a side in two triangles, where the 





medians may become diagonals of a parallelogram in the proposi- 
tion that the medians of a triangle meet in a point two-thirds o 
the distance from the vertex to the opposite side, and where the 
altitudes of the triangle become the perpendicular bisectors of 
the sides in the theorem that the altitudes of a triangle are 
concurrent. Graphically this may be represented by the parasol 


drawing as suggested just previously in the thesis. 





(3). The 30-60-90 triangle. Of prime importance in problem 





solving to the pupil is the relationship between the sides of the 
30-60-90 triangle. Here the side opposite the 30 degree angle is 
one-half of the hypotenuse. The general triangle may be repre- 


sented by "a" for the side of an equilateral triangle; the alti- 





tude bisects the base and the vertex angle, making the half base 
"1/2 a", and the vertex angle is one-half of 60 degrees, or 30 
degrees. The altitude is found by the pythagoream theorem, and 
is (3/4 a2 ors V3. 


Not only in plane geometry but 


- also in solid geometry does this 


fact find many usages, 
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For actual comparison, as in the case of similar triangles, 


he triangle is drawn with "2" representing a side of an 





equilateral triangle. In the proportion which is derived from 


= ratio of corresponding sides of similar triangles, two 
ae of the proportion come from the key triangle, while the 


hird term comes from the unknown triangle. The unknown sides 





of the second triangle are found from the proportions formed. 





ollowing is the drawing and a sample problem. 
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2. Attitude. 





a). Humanizing. Turning now to the devices directed toward 


the attaining of favorable attitudes, the first topic is that 






of humanizing. 





As mentioned previously, the sector becomes the 
piece of pie; the circle, a wheel; the triangle with the exter- 


Lor angles, a 4th-of-July piece of fireworks. S. 5S. Colvinl 












uses this idea in making the triangle of interest in his book, 





when he speaks of its vertices being the cities of Worcester, 
Providence and Boston. 
The writer suggests to the pupils an imaginary conversation 


as follows: 





"Good morning, Mr. Parallelogram, I see that you have 
your coat of opposite sides parallel on, and are wearing 
your trousers of opposite sides equal." 


The pupil is tola that if one smiles at Mr. Parallelogran, 





he will smile back at the pupil; if the pupil recognizes Mr. 









Parallelogram, the compliment will be returned. One should 









learn to recognize him through the clothes he wears. His shoes 
of "Adjacent angles are supplementary" are interesting. 
b). Plays. In some plays the geometric figures are made 


into human beings, analogous to the idea already presented in 





Maeterlinck's Bluebird. In other plays, the geometric situa- 


tions are interwoven thoroughly with life's activities to show 









their importance in the world. For instance, one group of 





plays may center on how many things there would be left in the 


world if all geometric forms were removed. Such household 





necessities as chairs, tables, clocks, bookcases and even the 
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walls and the houses themselves would disappear. This is a 
powerful device toward arousing an attitude of appreciation 
toward geometry of form. 

c). Challenge. Some pupils may be stirred into action by a 


challenge as follows: "I don't think anyone can solve this one; 





it's pretty hard. One or two pupils did it last year." 


Almost always there will be an answer to this challenge from 





the argumentative type of pupil who has mathematical ability. 
d). Games. Group competition, games with placards of geom- 
etric figures, and the drill conducted in the game spirit, all 
serve to produce a proper attitude. 
e). Poems. The following poem brought in by one of the 
pupils of the writer's geometry class is illustrative. 


"Oh' the dangle and the tangle of the corresponding angle, 
And the equal length and straightness of the intersecting 





linel 
How, with many a narrow finger, they tenaciously will 
linger 
in my mind, like some sweet singer, as my brain cells they 
entwine. 





Alma Pagliai,. 
f). Interrelationships. C. A Stone and J. S. Georges write:1 


"By striving to create appreciation of all concepts 
and principles of mathematics the instructional 
materials of the unit bring into play many varied 
applications of these concepts and principles as 
means of their further realization; and if the 
significance of each concept and each principle in 
relation to the problems of life and the world is 
actually grasped, a love and interest for them may 
readily be created. The proposition is strengthened 
in succeeding units by creating new channels of 
applications and usefulness for mathematical concepts 
and principles." 





1. Learning Product of a Unit of Instruction in Mathematics. 
School Science and Mathematics. (June, 1931). XXXI. pp. 695- 
706-6 
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Ee Re Hedrick says; 


"There are, it seems to me, a great many processes in 
mathematics which aside from any facts with which they 
are actually associated are very real and very impor- 
tant. Such processes, far more than single facts and 
given skills, find true epplication in far wider and 
more vital fields of human living and human thinking. 
Is it not possible that the true explanation of the 
transfer of mathematical training is now known to be 
more certain than was supposed a few years ago may be 
the transfer which occurs in what I have called the 
processes." 


(1). General--The Analogy. First consider the more general 
elationship called the analogy. Illustrations follow; 


Subject Solution. 
a. In bacteriology--------- The germ. 
b. In astronomy-~---------- The stare. 
Ce In chemistry--~--------- The element. 
d. In algebra-~------------- The quantity. 
e. In history-------------- The method of 


consideration of 
a situation. 

f. In geometry------------- The method of 
attacking a 
problem. 


The general methods of analysis and synthesis may be related 


to the other subjects as follows: 


Subject Analysis Synthesis. 
Biology------------- In living matter, ------ Photo-synthesis,. 
chemical elements. 

Chemistry----------- Elements in compound----Compound built 
from elements. 

English------------- Pheme to topics--------- Topics to theme. 

Algebra-------~------- Factoring--------------- Expansion. 

History------------- Movement to causes------ Causes to move- 
ment. 


. The Reality of Mathematical Processes. The National Council 
of Teachers of Mathematics, The Third Yearbook, 1928, pp. 35-4] 
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Another general relationship may be expressed in the snow- 
ball being rolled to be built into a big snowman, and the prop- 
ositions in geometry rolling up into the advanced propositions, 
Finally general relation between success in manual training and 


geometry, may be shown as follows; 


Geometry Manual Training. 


Fact well in mind----Tools bright and shiny 
Fact well organized--Tools in proper bins 
Drill in fundamental-Command of proper use 
Tools. facts and methods. of tools. 
Selection of facts+--Selection of tools. 
Proper application---Proper preparation of 
and assembly of parts and assembly of 
steps. parts in the whole. 


(2). Specific. 
(a). Physics. Here the relationships exist in the similar 


triangles used in problems on the inclined plane, heat expan- 


sion apparatus, and the movement of the lever in general. 


Triangles always enter into the study of light going through 


lenses or being reflected from a mirror. 
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The parallelogram is studied in connection with the 
resolution of forces. Examples are a wire holding a picture, 
a telephone wire which never can be entirely taut, and the 
pull on a sled. Hobson M. Zerbe! noted the interrelationships 


with physics as follews;: similarity, vertical angles, 





pythagorean theorem, and parallelograms which involve the 
composition and resolution of forces. 

(b). Solid Geometry. The relationships exist chiefly in the 
methods of proof, and the fact that solid geometry is built 





on plane geometry, and many of its problems are founded on it. 
Locus problems expand from a line to a plane in solid geometry 
while plane surfaces or areas, become solid surfaces or 
volumes. 


(c). Mechanical drawing. Instruments and constructions used 





in plane geometry are needed in mechanical drawing. The same 
geometric forms are considered. William Betz* notes the 
following relationships with geometry: shop drawings, inter- 
pretation of blueprints, making of house plans, designs, 


pattern making and surveying a plot of land. 


I. The Elements of Plane Geometry in High School Physics, 
School Science and Mathematics, (June, 1930) XXX, pp. 665- 
667. 


2. The Teaching of Intuitive Geometry, The National Council 
of Teachers of Mathematics, The Eighth Yearbook. 1933,p.136, 
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(@). Algebra, The graphic work below shows the relationship 














between the multiplication of polynomials in algebra and the 
geometric representation by means of the area idea. The imag- 
inary number, the square root of -l1, is represented graphically 
by means of similar triangles, made possible by the multiplying 
of the extremes and means of a proportion. This makes the per- 
pendicular from the right angle of the triangle the square root 
of -1. The graphic representations as suggested by Louis C. 
Karpinski follow:1 





1. Unity of Algebra and Geometry, School Science and Mathematics 
(May 1933) pp. 515-516, ition t.- s;.. 2) | ee. 
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(e). Astronomy, Getting the distance to the stars involves 
geometry. Here the triangle is solved when two angles and a 
side are known. The side is the diameter of the earth's orbit 
around the sun, 186,000,000 miles in length as the base line. 
The angles are noted at each end of the diameter as the earth 
omes into the positions. From these known quantities the 


distance to the star is calculated. 


(f). Politics. Charles Salkind! relates politics and 


plane geometry as follows: 


Political candidate says that------ A rectangular form may 
during his incumbency more be made rigid by adding 
schools were built than under another bar. 

his predecessor. 


1. He is the sole cause of the----- Parallel to the short 
larger number of schools. sides. 

2e He had nothing to do with ------ Parallel to the long 
their increase. sides. 

3S. You cannot know definitely-~---- Diagonally. 
without further information. 


Here 1 and 2 are both proved wrong; 5 will need further 
investigation before actually arriving at a conclusion. 


(g). Room graphs of learning process. Another method of 
producing a favorable attitude is by explaining to the pupils 





| 


both verbally and in a visual way the procedure which you are 





o adopt. The graph of the "concept" is suggestive. Usually 


1. Functional Geometry, The Mathematics Teacher. XXV (December, 
pp. 485-486. 
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leading into any new difficulty may be the explanation, demon- 
stration, experiment, drill, reading and problem approaches, 
Acquaint the pupils with the method being pursued and the end 


in view. Thus, they will see the significance of the parti- 





cular task at hand. 

In the graph on how to solve a problem, the solution is 
represented as the inner kernel, while the pupil is on the 
outside of the circle. Tentacles of thought are constantly 
sent out which wind in and out, but do not reach the center, 
the solution. Finally, from the array of ideas, one goes to 
the center. Success did not just happen; it came as the 
result of work. Time was spent in endeavoring to make 
associations. Thus, the pupil becomes aware of the necessity 
of continuous effort. 

Another visual presentation involves partial learning. 
It is likened to the swimmer coming up from the lake bottom. 


Though he is elmost at the surface, yet no one can see him. 





So with memory, to have a thing partly in mind or partly 





learned does not register. The next repetition may bring 
it. All this helps to give courage to the pupil who has not 


yet quite achieved. It shows him that persistence wins. 


eS eS 











Concept developed through 


a. Local situation, 

b. Pupil activity. 

ec. Sensory approaches. 
d. Demonstration. 

e. Goal in view. 

f. Grouping. 

&. Application, 

h. Problem. 

i. Test. 
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Suggested graphs for Mathematics 
Room. 


Desire to Knowledge 


Boy 
construct circles 


Angles Auto-building. 


ie 


—_ Ae ss 
eae — 
aaa 
net 
ge 
A 


Start Hurdles, 


Essential difficulties 
to be mastered which in 
themselves are general 
useful skills. 


Given--Board. 


a. How make it circular. 
b. How find center. 


For auto wheel. 
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Suggested Graphs for Mathematics Room. 


Don't give up!J You 
may almost have 
reached the surface 
even though no one 
can see you. The 
swimmer is almost to 
the surface. In 
memory work you may 
have almost enough 
repetitions for 
success, 





Don't give up! Keep 
thinking! Some little 
tentacle of thought 
will reach the object 
of your desires and the 
problem will be solved 
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PART V. 





SUMMARY. 
A. Genera] Discussion. | 
a. General aim of geomet s profitable lsisure. 

For the greater number of pupils taking plane geometry, values 
other than the special one of satisfying college entrance cred- 
ite must be found. Unless geometry is sufficiently vivid and 
satisfying, so that a favorable attitude toward the particular 
subject and toward education in général is developed, no matter 
what success is achieved in the learning of particular théorens, 
or even what success may come in the added power in thinking 
which would be derived from practice in concentration on the 
mathematical task, the subject would be considered a failure 
from the standpoint of the goals of the modern high school. | 

The Specific aim for géometry is the leisure aim. It is 
with this broad aim of helping to make geometry an added vehicle 
for profitable leisure in the life of the pupil that this thesis 
as been written. A succéssful pupil is a happy pupil, and a 
appy pupil tends to make a good citizen. This success is aided 
by varying the task whenever possible and by varying the dif fi- 
ulty within thé common core. 

2. Necd of Motivation. — 
a). Certain tasks need motivation. Generally, the 

Special tasks do not requires motivation for successful complét- 


lon, since the original inherent interest is high ami often 


1, Cardinal Ppincjples of Sgcondary Education, A Report of The 
Commission on the Reorganization of Secondary Education 








——sppornted by the National Education Assoclat No. 
(1918), pp.5-32. on Association, No. 35 
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“work has already been done in the particular field. Of such are 











the special tasks of manual training, or design work, as they 
touch plane geometry. 

) | The real work of applying techniques in the motivation of 
plane geometry rests in that common part in which all pupils are 
to participate. Here it is that vividness of the task to be 
done and clear ways of accomplishing the work become important. 
‘Giving courage to the pupil and keeping that courage level is 
 deohannss for the reaching of the goal. One way to accomplish 


‘this is by the elimination of fear, as noted in the introduction. 


| b). The "slow pupil" needs motivation. It is to be assumed 
that that rare individual, who has within himself the dynamic 


“power of going ahead by himself, will achieve regardless of how 


much or how little he may be motivated from without. But such 


‘pupils are rare; it is the teacher's lot to deal more often with 


the other extremity, the "slow" pupil. 


| Virgil Mallory notes:1 


"One soon comes to believe that much of the dullness 
is merely a rather intelligent decision on the pupil's 
part not to do things which he has decided have little 
importance or value for him. Pupil activity and lab- 
oratory work in mathematics come to have more signifi- 
cance and one becomes more fully convinced of the fact 
that working a book problem has little in common with 
measuring the height of a real flagpole. Most impor- 
tant of all is the success that comes to the pupil in 
finding that there are things that he can do well." 


He asks: 


> | "Is it not possible that seeming inability to do mathema- | 

ties is frequently nothing but a failure on the teacher's | 
part to convince the pupil of the worth-whileness of the 
material of instruction?" | 





I. Mathematics for the Slow Moving Pupil, The Mathematics Teach 
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making interesting by making the lesson meaningful, 


In view of the foregoing, Mallory suggests that the sole 


"reason for giving slow moving groups mathematical training is 


to interest them in the quantitative aspects of the world in 
which they live, and to improve their ability to see and under= 


stand relations, Their success, he notes, should be determined 


by improvement along these lines. 


Se Plane Geometry offers opportunities for motivation simi- 


lar to those in grade subjects. As one studies the various 


devices by which plane geometry may be motivated, one becomes 
more and more conscious of the truth that this subject is as 
fertile a field in many respects as any other school subject in 


any other place in the school ladder. 


a). Illustrations. Take, for instance, the vitally impor- 
tant principle of learning through the isolation of the diffi- 
culty, no matter whether it is in the first grade learning the 


phonetic table, or in the high school learning plane geometry, 
the more complete the segregation of the new difficulty, and 
the more gradual the introduction of the difficulty into the 


more complex situations, the greater the chance of success. 


Whether one turns to the ideas of humanizing the grade 


reading lesson by relating it to the chickens, dogs, and cats 
of the home, or whether one thinks of the angles made by the 
hands of the clock, or the range of the dog hitched to a slide 


wire as in the illustration of the locus in the high school, 


there is the same principle of relating to the familiar, or 


Or again, whether it be pictures of lakes and rivers in the | 
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geography book or . whether it be ‘the story of the geometry ; pro- 











position told in picture form, there is the translation of the 





‘symbol of english and geometric language to the picture ae 
as an aid to understanding. 

| One can touch on when and where to drill, or on the dress- | 
ing up in an attractive way by means of colors and dramatics, or 
by means of the teacher's own enthusiastic personality, but | 
whether one takes a junior high school civics class or a high 
school geometry class, the opportunity awaits in each field. 

| The interrelation with outside life and with school life ss| 
but a form of relating to the familiar, and here again, whether © 
the child is sent home to study the heating system in his own 
house, or to bring in a list of geometric forms in his own room, | 
the same idea is at work in either junior high general sciences, 
or in senior high plane geometry. 

| In the matter of organizing procedure or knowledge to make 


meaningful, whether the material is organized around high school 


debating and composition, or whether the principle of grouping 





and continuity in plane geometry is used, each field is favor- 
able. | 
| Thus it is seen that geometry is a fertile field for moti- | 
vation; it has opportunity for the operation of the same laws of 
Learning that play a part in grade learning, and it has also 
similar opportunities for individual tasks, as in other school 
subjects of either grade or high school level. 

4. Plan of the summary. The plan of this summary is to 


present devices suggested in the thesis under such representative 


—EEE — 
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| general principles as are outlined by Thomas.! These principles | 
are suggested in relation to grade subjects, such as, reading, 
writing, arithmetic and civics. The plan here is to consider 
‘them in relation to the high school subject of plane geometry, 
and to list representative devices which operate under these 
fundamental ideas. Thomas! outline includes "Preparation and 
‘Mental Set", "The Lesson for Habits and Skill", "The Lesson for 
Pemere rree and "The Lesson for Mastering Knowledge". Of 
Inecessity the emphasis will vary with the types of lessons, and 
lat will be seen geometry is a subject which has the greatest 
emphasis on the lesson for appreciation. 

a). Preparation and the mental set. In considering the 


preparation and the mental set, it is noted that each response 





is conditioned by previous experiences and responses. “Events, 
words and instructions have meaning to the learner only as 
interpreted through such of his previous experiences as are | 
actively associated in consciousness with the present situation".® 
‘It is further noted that "the situation and material must at all 
etiin be connected in some way with one or more of the fundamen- 
tal interests of the pupil and thus give significance and value 
to him."S This might all be summed up in that there needs to be 
a relation to the familiar, and that this relationship will 





bring the mind into condition for favorable attention and | 





1. Frank W, Thomas, Principles and Technique of Teaching. pp. 
i--xii—1-410. 


2. Ibid, p. 155. 
Se Ibid, p.- 140, 
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response. Again, instruction must be on the level of the 
 teamnay and the constant use of illustrative material is of 
value.l This phase of mind-set is called the “ideational". | 
Its success depends upon vividness of the impression. | 
(1). Illustrations. Illustrations in the thesis under the © 
relating to the familiar are the definition of geometry, and | 


its relation to natural and man-created work. In the unit on 


orientation examples are given where the attention of the 
pupils is called to the geometry in the world. The geometric 
fact that two straight lines cross in a point is made meaning- 
ful by referring to the locating of a forest fire, a fence 


corner, & city house, and a ship at sea. The angle is related 





to the compass, hands of a watch, the open book, and the radio | 
dial. Hypothesis and conclusion take on meaning in that unit, 
where the familiar grammatical construction of making the hypo- 


thesis the subject of the sentence, and the conclusion the 





predicate, is noted. In sports, a fishing trip and a picnic 
party are suggested as topics for making the terms “hypothesis” 


and "conclusion" real in the minds of the pupils. The applied | 
problem as related to the familiar is found in the brace used 
in connection with the unit on the isosceles triangle. 

In the section on proportion, relation to the familiar is 
made by means of photography, pictures, drawings, dressmaking, 
algebra, trigonometry, chemistry, physics, medicine, music and 
the playground. The photograph out of proportion, the enlarge- 


ment of drawings either by squares or by the pantograph, the 














IT. Frank W. Thomas, op. cit. pp. 142-143. | 
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of the above fields. 


_which can be induced in preparation for a contemplated learning- 


| activity."1 Here the teacher should know when and where to 


understanding of the particular pupil at the particular moment, | 











proper widths of tucks, the imaginary muaber tha ctriigenonétric| 
tables, the inclined plane, and the expansion apparatus, the 
chemical problems, the method of mixtures, the graduating | 
instrument for the violin, the teeter board, are all examples | 
of the applied problem, and of interrelationship with other 
studies and with the familiar. Not all these contacts may be 


real to all pupils, but each pupil will have knowledge of some 


In the section on loci is found also many contacts. The 
movies, the wheel in motion either revolving around an axis 


which is either stationary or going forward, the dog on the 





slide wire, the opening door, the motion of the hands of the 
clock, are all examples of getting instruction on the level of 
the learner and within his interests. 


| 
Still another phase of the preparation and mental set is the 


"feeling “phase, of the mind-set". It is noted "The pupil's | 


temporary ‘mood! plays a part in his reaction to any kind of 


situation and material, and the consequent need for the teacher 


to plan constantly to provide for the most favorable mind-set 


press questions. The skill is intangible. It is one of those 
mystic qualities of the good teacher which cannot be slotted 


because the success of its application depends upon complete 


I. Frank W. Thomas, op. cit. p. 141. 
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“active. The mood itself is often bound up with out-of-school | 


just this degree will success come in handling these moods. 














To the degree that the teacher does understand the pupil, to 


The writer feels its importance, and strives within the class 
period to fathom when to call for extreme activity on the part | 


of the particular pupil, and when to let the pupil remain less © 


life. Discipline cases come from a misunderstanding of moods. 

b). The Lesson for habits and skills. 

(1). The correct start. First consider the correct start, 
the making sure that the learner possesses a clear mental image 
of the thing to be practised. One example of this in the thesis 
is found in the unit on the drill in picking out the hypothesis 


and conclusion. It was previously found that the learner is 


| 
| 





given a clear mental image by first arousing his interest 
through attachment to the familiar subject and predicate in 
english grammar, and through a relation to his own out-of-school 
activities such as the fishing trip or the picnic. 

Humaneness and humor are introduced into the start of the | 
drill procedure by endowing geometric figures with life, and 
clothing them with human characteristics. Thus, in the drill 
procedure, it is suggested that one must be friends with Mr. 
Parallelogram, if he is to be a friend. One recognizes him by 
his trousers of "opposite sides equal", and his shoes of 
“adjacent angles supplementary". 


The clear mental image of the definition of angle is 


achieved through reference to objective material such as the 





globe, the pointer, the compass, the watch, the book, and the 
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an naan me ttincion of a line abo. | 
| fixed line is illustrated by the vertices of a triangle, and | 
the exterior angle of a polygon cut from the figure and placed 
together, so that they will make a half and complete revolution 


respectively. 





Attention to the correct reading of an angle when more than 
one angle meets at a vertex also makes a clear mental image. 
In fact many of the difficulties in advanced parts of any work 


have their seed in confused or erroneous early mental images. 





The drill on the included angle is first preceded by having 
the pupil make cardboard models of triangles which may be 
superimposed if they have two sides and the included angle 
equal. Flat wooden triangles may be shown with finger tracings 
to demonstrate the word "included". What happens when an angle 


is equal but not an included angle may also be drawn on the 





board. In the thesis there is mention of the use of colored 





chalk, verbal description, board drawings, humorous a seerren 
| and the use of placards fiath the securing of proper attitude | 
and a correct mental image of the difficulty of included angle 

for drill work. | 


The same care in getting a correct start must be used in 





obtaining a clear idea of the meaning of the word "correspond- 
ing" angle or side. Here the proportion is written in words at 
first. | 


Another aid in getting a correct mental image is to use the 





see-it-grow, or class-built method, whereby the proposition is 


i es 





developed under the eye of the pupil. In this way, the 
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presentation becomes meaningful to hims 
| In the testing program itself the writer has changed from | 
‘testing for complete propositions to testing during the first 
lessons for short steps of the proposition. | 
As noted previously, the places where drill may be applied 
‘to plane geometry, though important, are few. | 
(2). Varieties of guiding images. The second principle 
 ctiteneanoi is that of varieties of guiding images. It is noted | 
that not only visual, but auditory and kinaesthetic or motor 
images are important, and warning is given that no amount of 
mere telling, lecturing, or criticising clumsy work will compen- 
‘sate for an inadequate mental image. Thomasl believes certain | 
kinds of work demands emphasis on a certain kind of image. 

(a). Illustrations. In the drill on the definition of the 


word "angle", opportunity for individual interests and capacities 





may be provided for by varied approaches and varied tasks. Some 


pupils will learn through hand work such as drawing triangles 
with included angles, or making wooden models to illustrate them. 


Other pupils will have access to the definition through the 





| eeoust path by seeing the figures on the board drawn with golors. 
Still others will get the concept best from the auditory image 
by having the teacher explain, or by having definitions read to. 





them. 
The important thing to observe is that the preferred type of 


guiding image varies with different individuals.2 In the 


1. Frank W. Thomas, op. cit. p. 152. 








2. Frank W. Thomas, op. cit. p. 155. 
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determination of the hypothesis and conclusion, for instance, 
one pupil may learn best by a graphic method, another by refer- 


/ence to english grammar, and a third, whose mind wanders out-of- 


‘doors, will find his entry by way of the fishing trip. Or again, 
hand practice for one, through setting off in the proposition 
the hypothesis and conclusion, may be all important. In fact, 
it is the experience of the writer that many a time a pupil 

understands the difficulty, but when that understanding is put | 
to a test through writing, without previous practice, the test | 
is a failure. | 


(3). The pupil must discover the essential value of the 
@rill for him. Another principle suggested is that the pupil 


must discover the essential value of the drill to him as the | 


‘means of attainment of some desirable end, and then must realize 


that its mastery is necessary to the accomplishment of his own 





|purpose.l This principle may be attached to geometry in high | 
‘school through graphic representations of the steps in proposi- 
tions. The mountain. graph, the stream, the arch, all show the 
“necessity of each step. Immediate connection at times with 
propositions in advance may be made, as in the algebraic 
‘approach to proportion. Here the algebra to be learned or re- 

| vtewea may be immediately attached to the plane geometry propo= 
“sition. Thus the pupil sees the need of the algebraic processes 
to be undertaken. 


Another instance may be noted where a pupil can be told © 


in advance that if he gets the triangle well in mind, that in | 








I. Frank W. Thomas, op. cit. p. 161. 
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| 
because triangles appear in circles. The same is true in the | 
study of polygons. 

In brief, to show a pupil where, in the journey, the part- 
icular step fits, is important. He wishes to know where he is | 
| going and how far he has to go. And it is this latter part of | 
how far he is to go which is 80 vital to the pupil in keeping a | 
record of his own progress. This has been noted in the thesis 


in the section on classroom procedure where it is suggested that 





pupils keep notebooks of their own errors, 


c). The Lesson for Appreciation. 
(1). Emotional Identification with Task. When one turns to. 


the lesson for appreciation, it is found that the pupil must | 
identify himself emotionally with the task either by active | 
participation in a physical way, or by mental participation 
through the imagination. Thus the boy scout achieves this 


activity in a physical act of a good turn daily, while the 





reader of the adventure story lives mentally the part of the 
“hero. | 
Thomas! cites this technique as providing for three steps | 
“in the achieving of appreciative attitudes. The first is the 


"gaining of the appropriate mental set, the recalling of exper- 
dences in harmony with the feeling desired. The second is the 


provision of class activities so that the pupil will participate 


emotionally in the situation, identifying himself with the cause 


or its champions. The third step is an extension of the second; 


I. Frank W. Thomas, op. cit. p. 199. 


the part of the text on circles he will be in a familiar field, 
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appreciation lesson plays in geometry comes to light when one 


of equation problems brings geometric forms. Turning to the 


_ study of trigonometry, its very essence comes from similar 











a real part of life, its relation to nature in the animal and 
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which the new feeling may find expression and satisfaction. 





(a). Illustrations. The full significance which the 


examines the thesis for material on the mental set toward the | 





subject. To prove that geometry is not just a book subject but 


mineral world and to man in his various activities is noted. | 


Whether one looks at the flower or the honey-comb, the crystal 


| 
of salt or the leaf on a tree, one finds geometric form, | 


Whether it be the lining up of trees being planted in an apple 


orchard, or the location of a ship at sea, geometric laws are 


there. One looks at quilts, wall paper, or oil cloth at home, 
there one observes geometric designs. The furniture is ever 
repeating some geometric rule. The carpenter builds his brace 
with the geometric form of the triangle. 

In the chapter on proportion and similarity, it is noted 





that the "force times distance" law is entertwined with geome- 


_ try in the inclined plane where triangles are similar, and that 


in the heat expansion apparatus, the magnification is based on 


similar triangles. In chemistry, the graphic representations 


triangles. All the trigonometric tables are built on the 
principle of proportion. In music, the “graduating” of a violin 
is done through magnification, which again involves proportion, 








If one goes to the playground, the moving teeter board forms 








it is the inauguration of some further line of activity through 
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as it soars aloft to the gleeful shouts of the children. 


ity, and in the miscellaneous devices. They are for the purpose 


| and candy. For instance, instead of simply a triangle, the 


At school, manual training and mechanical drawing could not 
exist without geometric forms. Even in algebra the conception | 


of imaginary numbers is based on proportion, and the expansion 





of a binomial shown graphically borrows from geometry. | 
All these are taken up in detail in the thesis chiefly in | 


the units on orientation, definitions, proportion and similar- 


of producing the proper mental set. They are aimed to make the 
pupil enthusiastic, and eager to begin and to continue the | 
study of geometry. Through them the pupil is to emotionally | 
identify himself with the task both in a physical and in an | 
imaginative way. 

The inherent difficulties peculiar to geometry have to be 





met and overcome if the pupil is to identify himself emotionally 


with the actual development of geometric procedure. The diffi-. 


culty of flatland, as noted in the introduction, may be over- 


come by relation to objects such as pieces of pie, ice cream, 


geometric form becomes attached to the above sweets. 
The abstract nature of geometry is provided for by trans=- 
lation to objects. An example of this is found in the intro- 
duction section where the symbol, verbal language, picture and 
object table is given. 
The difficulty of the new procedure of proof is overcome by 








a gradual introduction through orientation and through drill in 
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picking out the known and unknown quantities, the hypothesis 


and conclusion. 


The section on illusions is for the special purpose of 


creating a felt need for the demonstration, and an emotionalized 


attitude toward participation in the demonstration which will 


| augur well for the success of the pupil. 


All this is for the purpose of getting the pupil to emo- 


tionally identify himself with the task that it may be real to 
hin. 


(2). Provision for class activities must be made. Next 


| consider the second principle for the lesson on appreciation 
which is providing class activities so that the pupil will 
| participate emotionally in the situation. This is the actual 


learning of the lesson. It involves the class period chiefly. 
Its success rests in the resourcefulness and sympathy of the 
teacher. In the thesis, it involves all those techniques which 


go to make the lesson interesting and vivid; these appear to a 


| large extent in the unit on miscellaneous devices for clarity 


and attitude. 


Its core is essentially the "we" feeling which is induced 
through the see-it-grow and class-built methods, as outlined 


| in the section on classroom procedure. It provides primarily 








for the physical activity of the pupil in the construction work, 


and in the keeping of his own score and the noting of his own 


| errors and their correction. It is to be here noted, however, 


| 
that a pupil may be active though not physically active. That _ 


is, he may be reacting in a very real way mentally, and his 
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point of verbal expression. This condition varies with the 
personality. 

| However, with pupils of high school age, physical activity. 
is of great help in learning. As noted previously, perfect | 
understanding may dwindle to failure when putting the material 
in writing, unless previous practice has taken place. The 
author, therefore, urges again and again throughout the year, | 


that the pupils write their proofs on paper, thus giving them- 


selves the examination ahead of time, | 





The class activity of the individual pupils will vary as | 
their interests and capacities. Emotional identification will 
come only when work is suited to the level of the learner. Thus 
a11 the skill in portioning out questions and tasks according 
to these interests and abilities is skill directed to the 


successful identifying of each pupil with the work involved. 





Emotional identification with the task may involve the solution | 
of difficult problems with one pupil, design work with another, 
or easier propositions with a third. As soon as the task is 
out of focus with the pupil, emotional identification stops. 
| The idea of translating the symbol to the object also is 
with the aim of securing emotional identification. The taking | 
back to familiar things, to attractive things such as house= 
hold designs, and the use of colored chalk is all toward this 








same end. All interrelations with other school subjects is 


caine oie 
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| said that if one can but harness fifteen per cent of the 





washing from a duck's back, is because it never was really 


OE LDS BN: OD =» = a ee Y 
but an effort to find a warm spot in the particular pupil's 


heart which will cause him to identify himself emotionally with 
the geometric task. All devices to isolate the difficulty which 


| build toward vivid teaching are but to make the path smooth for. 


this identification. 
The erasing of parts of the figure to restore to original | 
simplicity and to show the difficulty in isolation is another 


example. Still another way is the focussing on the new diffi- 





culty by means of colored chalk or broad lines. Even the drills 
themselves with their satisfying success reactions build wenneel 
this active participation. The graphic method of showing the 
precess of the proposition is another element working toward 


the same end to continue a favorable attitude toward the task. 





Humorous situations such as the photograph out of focus, 
the fish, the stilts, masks, and the fly, as cited in the 
section on proportion and similarity, all aim at making the 


| pupil an interested participant, rather than an artificially 
_ foreed pupil of the "there-in-body-only" type. It has been 


pupil's mental life to the school task that one need not worry 


| about accomplishment of the pupil. It is suspected that the 


reason much high school learning has left the pupil, like rain 


there in the first place. It was superimposed, artificial, 
and involved only the surface activity of the pupil; it did 
not seep in and become really his; he did not enter whole 


heartedly into it. 
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T (3). Provision for ‘further activity outside “the elassrooms | 


‘The third step in the technique of teaching the lesson on 





| 
appreciation is "the inauguration of some further line of 





activity through which the new feeling may find expression and 
added satisfaction" .1 | 
| It is here where the section on provision for individual 
differences plays a part. The writer has noted that the inter- 
est may vary in being hand activity such as drawing or design- 


| 





ing, or mechanical drawing, or manual training, or the interest 
may be in verbal presentation such as plays or talks, or the 


problem-minded pupil may present an original, or work out a 





puzzle. Those interested in science may present the interre- 
lations in that direction. 

The keynote of this technique is that the activity of the 
pupil is his own inherent choice, and that he has a variety of 
‘activities from which to choose. 





The writer was much interested in offering to the class the 


opportunity to copy pictures by means of squares as described 


in the section on proportion and similarity. Many of the poorer 





students in problem work gained new life and enthusiasm through 
this opportunity. 
| Several boys have made wooden models with much gusto, and | 


others, pantographs,. | 





| The vehicles by which these individual activities may be 





realized is noted in the unit on provision for individual 


las Cosameainan They include the mathematics club for the socially- 











I. Frank W, Thomas, op. cit. p. 199. 
















| sweo1zeslo edd ebietuo ob | tise Aedes 
| no soseel odd siskaehied to oup tasted’. itis sek aot, 
| to eall reddit emoe te soltsiyguant oft” ef ¢ 
Sire mofsretqxe batt ysm gatleet wem edd doidw declan | 
L."yostomteandae be 

f{subivibal sot moleivouwg mo aotdose edt exere eted ek 3I 


| test erit vadt Dbetdoa sed teticw edt »Jteq 2 eyeig e SneTrelt~p 

-gtaeb 10 gaiwerwb es dove ytivitos Sned guted al y12ev Yam 
teetetnl edt 10  .ygatates? [egaeam to ~antwerb Leotaadoem 10. gat 

| edd to ,2¥lad vo aysiq es dope noltatnecentqg fedtev at od nt 


| 
| 


&® jo x1ow 10 ,fanigito as dusseiq yem Ligquq ho balm-meldon | 
-ertetdat eid ¢asaetqg yam someltoe ai beisetetat seodf .efx 
coljeotlb dedt at enottall 
eid to ytivitoer ent gads af epmptandoes elas To etonyed edt | 
to yieitav s eed en tadd bas .edtots saoredat awo ¢id et i tqual 
-cecors od doidw mort seltivi s| 
edt eeslo eft. o¢ gniretto at betseredal dovm eaw tediaw oft 
bediigueb a8 eetsupe to ensem yd seasdotq ygoo od ri towsx0qeo| 
et0070 etd to yasM ._tineltate has nottrogorg so noltoes edd at! 
dssronctt aselesijne bas elif wen benisg wArow usidosg at) Preraee | 


bas jodeun domm déitw alebom meboow os 


od yeu eettivives Leubtvibnt eeedd doldw ae eta eae | 
fagbivibal sot aolelvorq ao ding edt at £ el besl 
-[fskooe odd rot dulo eotvameddam edt <Secienentiaiaas ; 







4 oh 


2901.4 +314 sto, Ee Oe 





~248- 











minded geometry pupil. The mathematics room affords opportun- 
ity for the art-minded. For the verbal-minded, bulletin 


boards and reference tables give activity, while for the hand-— 


minded, geometrical instruments and models are satisfying. 

! Everyone is about his own task, which he himself has 
selected and in which he has a special interest. This is the 
third step in the technique of teaching the lesson for appre- 
ciation, so that a continuance of the emotional identification 


of the pupil with the task may be achieved. 


d). The Lesson for Mastering Knowledge. 
I (1). Associations must involve thoughtful recognition of 


relationships. Turning to the lesson for mastering knowledge, 
Thomas observes; 


"In short, the most valuable kind of associations 
are those resulting from a thoughtful recognition 
of relationships, and from a discovery, through 
application, of the logical uses to which the in- 
formation may be put." 


"It should be obvious, also, that the probability 
of recall is greatly increased by having a number 
and variety of associations established. ....e..e. 
“When facts are given application and put to use in 
something resembling the normal setting in which 
they function, they immediately take on from that 
relationship a rich variety of association pecu- 
liarly adapted to facilitate recall...." 


"The type of learning procedure which develops the 
strongest and most desirable associations for re- 
ealling information is precisely the procedure 
which employs and tends to develop the pupil's 
facility in using and applying information. 
Accordingly, in our search for the fundamental 
principles upon which to base a sound technique 

of teaching this type of lesson, we come directly 
to the psychology of thinking and problem solving." 











Frank W. Thomas, op. cit. pp. 217-218. / 
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; To summarize the above principles, one might say that 











teaching must have meaning in order to be remembered, and that | 





this meaning is given through rich associations and rich appli- 


cations. The studying of the given situation with its associa- 


tions serves to make the mind dwell long enough and with 
enough intensity, so that the procedure becomes a part of the 





student, instead of the pupil being artificially whitewashed 
with isolated facts which drip off with the first rainstorm of 





other interests. 


(a). The principle of organization and continuity is impor- 


tant. First examine the thesis to see wherein devices are 


suggested to bring about the above situation. First note: the | 





7 | 
associations which result from thoughtful recognition of rela- | 





1] 


tionships. The kernel of this idea rests, perhaps, in such | 





material as the unit on Organization and Continuity. 


i). Illustrations. Graphic examples are given of the rela- 
tionship between theorems concerning areas, and the measure- 
ments of angles in connection with the circle. Another illustra- 
tion is that of the product and mean proportion theorems, 


In the introductory unit are to be found examples of rela- 





tionship of various geometric symbols working through the 
english language and the picture language, to the actual object, 
Parallel steps of procedure in learning which involve first 








the general learning situation, and then learning with specific 
subjects such as athletics, music and geometry are noted. The 


aim is to have the pupil perceive the significant relationships 





and to appreciate the work which must be done in conquering any 
et ea SF > 
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ita 


| grouping, the thesis makes use of the applications of the geom- 





works, Among these graphs are those on achieving success. They 














| known theorem. The facts about the unknown are true because 


The various graphs throughout the thesis also tend to 
produce thoughtful recognition of relationships, because they 
enable the pupil to see clearly the entire journey and the goal, 

In addition to setting a favorable situation for thoughtful | 





recognition of relationships through proper organization and | 


etric principles. In the unit on individual differences, for 


instance, the interrelationships with the pupil's own interests 
in other activities both within the school curriculum and out- | 
side the school suggests further rich associations which again 
give real meaning to the task, thus setting the situation favor- 


able for recall. 





The various graphs for the mathematics room, illustrating 


the thought procedure necessary is both interesting and useful | 


to the pupil. Here he has a chance to observe how his own mind | 


| 





show a variety of approaches for success, the method of problem 


solving, and the necessity of repetitions. Still other graphs 





as illustrated by the parasol shows how the method of obtaining» 


a proof is derived from bringing the unknown theorem under a 


similar facts about the known are true. Thus the unknown has 
been related to the known. 


The unit on constructions and measurements serves as an 


activity for the hand-minded pupil which furthers thoughtful 
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thinking in geometry may be removed by making a drawing of the | 


of the geometric laws involved, as found in the section on the — 


illustrated throughout the thesis in the mountain, bridge, or 


| becoming a real part of the pupil. When he absorbs willingly 


various facts are attached to vital principles. 














for self discovery of geometric laws. Many of the errors of 


situation. Among these instances might be noted the tendency 
of placing too many conditions on a line. This is considered 
under the unit on the isosceles triangle. 


The hand work, such as opening doors, and finger tracings 


locus, again furnishes opportunities for thoughtful recognition 
of relationships, and thus rich associations, | 
The very mathematics room itself, as outlined in the unit 
on provision for individual differences, affords an attractive | 
setting. The variety of sensory approaches also makes for 
added power. 
Thomas! notes that occasional summarizing of progress 


avoids confusion and wandering, that this summarizing is 


especially needed in the mathematical problem. Especially 





significant for this idea is the method of graphic analysis as | 


stream form. 


It is in this way that memory work is made powerful by 
and understandingly, the knowledge stays with him because the 


"The lad could not realize that the mass of facts and 
formulas had been so interrelated by thought and use 
that one could be reproduced from another, and that 
the retention of the whole actually required less 
effort than he was expending in his struggle to main 
tain his grip upon a few elusive facts....." Bt 
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The youthful mind finds it hard to grasp the idea that 
memory work can be so related that effort and «efficiéncy are 


greatly increased. Small boys marvel at the gigantic 


"memories" of adults in talking, visualizing that the adult 


must have "remembered" cach isolated word, Whereas in reality 


the adult did no such thing, but had in mind idéas, and 
grouped around those ideas associations illustrating them. 

In conclusion, it is to be emphasized that Thomas is 
not a standard, but merely typical, and that this summary 
is désignéed to show the ease with which requirements of 


good téaching aré observed. 
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Chemistry, 156-139. 
Class built, 184,238, 


Analogies, 17, 18, 221, 222. 
Angle, Applications, 


Book, 235,257. Colored chalk, 212, 245-246, 
Compass, 235,237. To seeee a0T! ot8. 
Pointer, 237. Congruency, 100, 
Radio Dial, atk 235, Hypothesis, 94. 


Included angle, 50. 
Lines, 95,100, 104,208, 


Angle, Reading, 49 Mountain, 108, 


Rotation, 46,48, 238, Three roads, 114, 
Size, 47. 
Sum, 46, Conference groups, 187. 
Angle, Included, oa Congruéncy, 
Definition, . Application, 
LO dh Wage chart, 103 
6 St ° Appligsd problem 
Wooden Triangles, 238. River, 97-98. 
Assignments, 
Applied Problems | Bringing milk bottles, 
AE 4 iaasacé @tc. 102. 
6a polygon, 150-159. Differing, 171-172, 
Brace, 106-107, DBieiectien. Goa!" 
Byilding, 67, 106, Drawing, 104; 


City House, 42,44,235. 


Individual, 101, 
Expan sion, en ek 236, t 7 
242 


uEberoes pth)? eck 
. & ; 
Fenoe corner, 42,44, 235. eedeee. ioe 

Flag pole, 67. Construction, 

Forest fire, 41,43,235. Cardboard triangles, 99. 
Inclined plane, 236,242. Wooden triangles, 99. 
River, 97-99. Wooden modeis, 102, 104, 








Ship, 42,45,2355, 242, Examples, 
Tank, 176. nea tee: Lasts, Reprinte 
o¥ 
Approach, gradual, Proof, 115-119, 
Demonstrations, 22. Use, Finding unknown side of 
Exercises triangle, 102, 


22 
Testing, 23. 
Assignments, 33,48, 
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Constructions, 
Aavantages of, 62-63. 
Disadvantages, 63-64. 
Difficulties, 65. 

Gothic windows, 59. 
Kite, 59. 

List, 58. 

Pantograph, 67, 124-125. 
Protractor, 67. 
Quatrefoils, 59. 

Star polygon, 59. 
Trefoils, 59. 
Transit, 67. 
Wooden models, 


Continuity, 
Graphic, 162. 
Measurement of angles 
by arcs, 160, 162. 
Product of segments, 
160-161. 
Pythagorean, 160-161. 
Trapezoid and triangle, 


Definitions, 
Corresponding sidés, 
Geometry, 39, 235. 
Need of, 38-359. 
Teaching, 37. 


Demonstration, 
Approach gradual, 22. 
Evaluation of, 186. 


Difficultiss, General, 
Abstract nature, 10,243. 
Cymulative nature, 8,15. 
Fear, 25-26. 

Flatland, 7-9. 
New Procedure, 21, 243. 
Reflective nature, 8, 21. 


259. 


128. 


161. 


Resta ation to simplé 
situation, 19-20,246, 
See-it-grow, as 66,67, 
Slow motion, 19. 

Siow question, 19. 
Slow answer, 19. 


Distorted Figure, 209-211. 


Direction sheets, 187. 
Divine Proportion, 128. 


Double Identities, 159, 216 
Drawing, 212. 


Drill, 
Characteristics, 202, 
Correct start 301, 


Directions, 263-205, 
General, 235. 
Hypothesis, 93. 
Included angle, 52,99. 
Necessity, 198-199. 
Note books, 202, 

Pyace of, 199-202, 
Reason for, 197-198. 
Sheet, 187. 


Equality, 


Lines, angles, triangles 
215-216. 


_ Errors, Common, 14, 251. 
Congruency, 51-55. 
Construction lines, 65-6. 


Difficulty isolated, 15,231,246. 


Approach gradual, 15. 
Definitions, 55-56. 
Emlargement, 16. 
Included angle, 51. 
Line in relief, 16,246. 
Paralle1 steps, 17 


List, 190. 109-112, 

Recording, 189, 

S4milar triangles, 133. 

Tests on, 189, 
Exercises, 

Gradual complexity, 22, 
Familiar, 13, 245. 

Confections, 5, 14, 37, 

51-52, 219,’ 243° 
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Familiar, Goal, 230. 
Games, 14, 220. 
Cneckberboard, 34. Golden ratio, 128. 
Cribbage board, 3/. 
Puzzle board, 39. Graph 


Teeter board, 235, 243. 
Homes, 13. 

Embroidery, 32 

Furniture, 242. 

Quilts, 242. 

Oil Cloth, 32,40, 242, 

Wall paper, 4d, 242 , 
Miscéllanéous, 


8, 

Algebraic, 234. 

Area of cmgtee aierete 
57. 

Bridge, 213,228,240. 

Column, 213. 

Concept, 227. 

Isoscéles triangis, 108. 

Arc measurement, 162, 


Bog lding, 67 Memory, 229. 
Fence, 42,44,255 Mountain, 108, 165,240, 
Flag= pole, 67. Parasol, 214-215, 


Ship, 42,2355. 
Water tank, 67. 
Natures, 
Flowers, 242. 
Honeycomb, 30,242. 
leaf, 242, 
Minerals, 30. 
Parks, 31. 
Pictures, 255. 


G 


Polygons, 54, 157. 
Success, 228-229, 
Stream, 132, 214, 240, 
Three Roads, 114, 
Thinking, 229, 


NS» 
Polygons, 53-54, 156-157. 


Public gardens, 31. Human4z ; 
Salt Grystals, 242. Angle, 198. 


Snow flakes, 31. 
Occupations, 
Dressmaking, 2355 


Carcle, 30,37,219, 243. 
Polygons, 53. 


Lookout station,41-43. Paralle logram, 198-199, 219, 
Medicineg>, 2355. 257. 
Photography, 235. Transversal, 90, 

School, Triangle, 37, 219. 


Ball,clock, cylinder, 31. 
School Sybiscts, 
Algebra, 235. 
Chemistry, 235. 
Drawing, 235. 
Physics, 235. 
i Trigonometry, 235 
Sports 
Baseball diamond, 14, 18,30. 
Football, 31. 
Hockey, 31. 
Picnic, 90,235. 


Sector, 219 


Humor 


» 
Big fect, 126. 
Bugs, 100, 
Fish, 126, 246, 
Fly, 126,246, 
Masks, 126,246, 
Stilts, 126,246, 


Polygong, 55-54. 


Hypothesis and conclusion, 


Fear, 25,26 235). 


Folding, 211 


Declarative sentence 
difficulty, 89. 
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Hypothesis and Conclusion (Cont. ) 

Drill, 3.. 

English grammar, 237. 

Hypo-meaning, 93. 

Opjective material, 90,255. 

Pictures, 92. 

Test, 94. 

Notatjon, 
Arrows, 94. 
Braces, 95. 
Colored chalk, 94. 
Square for 
right angle, 94. 


Illusions, General, 69,71,244. 
Angles, 79. 
CContinuation of line, 82, 
Circles and parallel lines, 77. 
Dots, 83. 
Electric light, 81. 
Lindbergh, 73. 
Ladder, 83. 
Lines,76, 78. 
Oar, 80. 
. Parallel lines, 82. 
Paralls1 lines 
with tmyansversals, 
Parallel lines 
with cross lines, 82-83. 
Parallel lines 
with blocks, 83. 
Rabbite-duck, 84. 
Squares, 79, 
Stairs, 79. 


Trapsgoids, 82. 


82, 


Illusions, After images, 
Lady inchair, 6&5. 
Rider and horse,85. 
Cross, 85. 


Illusions, Complementary gokere 
85-86, 


Illusions, Other Sensory, 
Dry ice, 86, 
Ice, 86, 
Boat and bridge, 87. 
Auto riding, 67. 
Airplane position, 86. 
Train motion, 86, 
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sions, 
instruments ca récting, 


Compass, 87. 
Spesdometer, 87. 
Thermometer, 87. 
Watch, 87. 


Imaginary og re 


Individual jnterests, 


Hand, 247. 
Coloring, 34,173. 
Designing, 34, 173, 
245, 


Drawing, 34, 173, 
247, 
lettering, 34, 173. 
Manual training, 
34. Via 247, 
Mapping, 34, 173. 
Painting,34, 173. 


Problem, 173, 245. 
Puzzlés, 34, 


Scientific, 
Astronomy, 34, 173. 
Photography, 34,173. 
Physics, 173. 


Social, 
Bulle tin board, 
Exhibits, 173. 
Gamés, 34, 


173. 


Verbal, 

Anecdotes, 172. 
Biographiess, 173. 
Dictionary of 

terms, 172, 
History, 172. 
Plays, 54, 172, 247, 
Magazine articles, 

ie. 

Néwspaper articles, 


Reports, i173. 
Talks, 34,247. 
Writing, 34. 








Inhibitjons, 26 


Instruments, 
List, 61-62. 


Interrelationships, 2355. 
Algebra, 224, 
Astronomy, 225. 
Manual Training, 222. 
Mechanical drawing, 223. 
Physics, 222-223. 
Politics, 225. 
Solid Geometry, 223. 


Isosce]és triangis, 
Brace, 106-107, 
Construction, 116, 
Methods of proof, 118. 
Mountain graph, . 108, 
Perpendiculars, 116-119, 
Superposition, 116-117. 


Linés, 208-209, 


Loci, 
Airplane propeller, 146 
Algebraic ,graph, 145, 
Automobile gears, 147. 
Chemistr 147-148, 
Chalk, 144, 








Manual Training, 147, 222, 
| 243. 
Mathematics Ciub, asl Te 


mT 
Mathematics Room, es 
2 ° 


Meaning of Geometry , 59. 


Measurement, 
Opportunities for, 60-61, 


Mechanical Drawing, 243. 
Medicine, 139. 


Methods of proof, 163-166. 
Analytic, 169, 189. 
Heuristic, 166. 
Indirect, 167-168. 
Inductive, 167. 
Synthetic, 166, 169, 


Notation, 208, 
Nots books, 1&7. 


Qhisctive material, 
Book, 46, 237. 
Cardboard, 209, 237. 
Compass, 46. 237, 
Globe, he 237, 


et PG Pointer, 46, 

@ , L : 

Dog, 143, 236. ocus rap lag | scart 
Door, 144-145 236. Locus material, physics 


Engine, 147. 
Eraser, 144-145, 236. ee ole 
Bee: bad | Siok 256. Watch, h6e: ? ° 
vers ‘ W | » 
Machinery, 143. ooden triangles, 100,237, 


Manual training, 147. Organization, 
Milk separator, 147. Advantages of, 155-156, 


Movies, 145. T1 
Order of proof, 149-150, 3 as teehee 


Pen, 
Pencil, 144. P 
J Pointer, 144, fantogranph, 124-125, 247, 
Proof, (50. Pp 
sunt LioMihe: 143, sSralisiism, 216-217, 
Qué stions, “ Phot 
Solid geometry, 145. Shotography, 124, 





Suggestions, 151-152, 


Wooden models, 144, 
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Physics, 135-136, 222-223, 235. 











Reasons f@ taking, 195. 








Pictures, enlargement, 124,247, Safety margin, 25. 
J Plays, 219, Sensry approaches, 11-12. 
Poems, 220, S rit 
See proportion. 
Polygons, 53-54. ‘ : 
€ 
Proportion and Similarity, Definition, 25, 
Algebra, 120,129, 235. Iilustrations,- berries, 
Applied problems, flowérs, grapes, leaves 
Chémical calculations, 138-139, sand dollars, ste lls 
122, 234, 242, pay eg starfish, 34. 
Expansion rod, 135- 136, 242, 
Graduating violin, 140° 6ys, Gars, hands, cloth 
Inclined plan, 136- 137, 242, ing, gloves, shoes, 
Medicine mixing, 139. furniture, picture, 
Teeter i board, 140-141, butterlies, wase, 
Trade school, 140 shapely erees, balanced 
Stage, kite, isosceles 
Calculations, 122, triangle, fruit, orange 
Sections, games, téeter 
Congruénce a special case, 129, board, basket: ball floor, 
Construction, pantograph, 124-125, checker board, parchesi 
Dressmaking, 122, 127, 235, board, 35, 
Enlarging pictures, 124 225. 
Error, common, 133. Siow pupil, 231. 
General method, 132. Solid Geometry, 7,9, 145, 223 
Golden ratio, 128, 
Graphic akg oie an,” 132’. Teacher, 
Human body, 127, 134 Personality of, 24-25, 
Hymor, Place of, i ° 
Big hege al fly, mask, 
stilts, 12 Iseeter board, 140-141 242, 
Indentation of stéps, met ee 2 A 
Literature, outline, 123. Testing, 188-194, 23 94 
Pantograph, 124-125, Po tame 3 ee . 
Photography, 123,255. Trads school, 140. 
Proof, eo 
Test, 13 Transit, 67. 
Value, : 
Line equality, 150, Irbangis, 30-60-90 
Trigonometry tables, 130. 236. 217-218, ; 
) T4me saver, 131,2 Trigonometry 1530, 236,248. 
Universa ality, 
Pro ractor, 67. Violin, 140° 236, “242, 
Wooden models. 2 2 
Pythagorsan, 160-161, Work books, iby. oe 
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Pupi s, 
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